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Abstract

During the last fifteen years, much of the research of proof theoretical grammars

has been focused on their weak generative capacity. This research culminated

in Pentus’ theorem, which showed that Lambek grammars generate precisely

the context-free languages. However, during the same period of time, research

on other grammar formalisms has stressed the importance of “strong generative

capacity,” i.e. the derivation or phrase structure trees that grammars assign to

strings.

The first topic of this thesis is the strong generative capacity of Lambek

grammars. The proof theoretic perspective on grammars allows us to consider

different notions of what “structure assigned by a Lambek grammar to a string”

is taken to mean. For example, we can take any proof tree that establishes that a

grammar generates a certain string or only those that are in some normal form.

It can be shown that the formal properties of these notions of structure differ.

The main result of this part of the thesis is that, although Lambek grammars

generate context-free string languages, their derivation trees are more complex

than those of context-free grammars. The latter were characterized by Thatcher

as coinciding with the local tree languages, while the derivation trees of Lambek

grammars include tree languages which are not regular. Even non-associative

Lambek grammars, which recently have become more popular variants of cat-

egorial grammar, can be used to generate non-local tree languages. However,

their normal form tree languages are always regular. Finally, categorial gram-

mars lacking introduction rules have local derivation trees. Thus, there is a

genuine hierarchy of proof theoretical grammars with respect to strong genera-

tive capacity.

Additionally, we consider the semantic aspect of the proof theoretic approach

to language, which is given by the correspondence between proof theory and type

vi
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theory. Here we are interested in giving an algorithm for counting how many

different normal derivations a given string has, corresponding to the degree

of ambiguity of an expression. In order to count the number of proofs, we

use methods from the theory of type assignment and the coherence theorem

for residuated categories to characterize the most general types of normal-form

terms.
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1 Introduction

Deductive systems appear as soon as one attempts a

formal presentation of the grammar of a natural lan-

guage. To see this one merely has to think of syntactic

and semantic types as formulas and of grammatical

derivations as deductions.

Joachim Lambek

In 1958, Joachim Lambek proposed a theory of grammar in which a deductive

system is to be used to derive type change rules in categorial grammar. Type

change rules are rules for combining expressions of certain categories and for as-

signing categories to the combined expression. It was realized by van Benthem

around 1983 (reprinted in his 1995) that the proofs of these type change princi-

ples carry important information about their semantic interpretation, following

the Curry-Howard isomorphism (cf. Curry and Feys, 1958; Howard, 1968; cf.

also Girard [et al.], 1989). Thus, the notion of a proof theoretical grammar was

proposed that replaces formal grammars (cf. Chomsky, 1956) with deductive

systems and that includes a systematic semantics for natural languages based

on the relationship between proof theory and type theory. Thus, rather than

considering grammatical categories as unanalyzed primitives, they are taken to

be formulas constructed from atoms and connectives, and rather than defining

grammars with respect to rewrite rules, grammars are defined by the rules of

inference governing the connectives used in the syntactic categories.

In a later survey article, Lambek (1994) proposed that the study of deductive

systems should be concerned with:

• formulas

• deductions

• equality between deductions.

1



1 INTRODUCTION 2

If we combine the view that grammars should be replaced by deductive

systems with Lambek’s program for the study of deductive systems, then the

study of grammars as deductive systems should be concerned with:

• syntactic categories

• syntactic derivations

• equivalence relations on syntactic derivations,

respectively.

In addition to the use of Lambek grammars for the study of grammati-

cal phenomena in a variety of languages (cf. Moortgat, 1988, 1997; Morrill,

1994) and the semantics of natural languages (cf. Hendriks, 1993; Carpenter,

1997), much of the research of Lambek grammars has been devoted to locating

their generative capacity in the Chomsky hierarchy (cf. Buszkowski, 1997). In

the early 1990s, Pentus proved that Lambek grammars generate precisely the

context-free languages. Pentus’ theorem raises the question whether there is

any advantage to using Lambek grammars instead of context-free grammars

for grammatical description and natural language semantics, as their generative

capacities coincide.

For all practical purposes, context-free grammars certainly are easier to work

with than Lambek grammars; for example the only known polynomial time al-

gorithm for membership in the language generated by a Lambek grammar is

to translate the Lambek grammar into its corresponding context-free gram-

mar, using Pentus’ construction, and check membership using that context-free

grammar (cf. Finkel and Tellier, 1996). However, the apparent difficulty of

proof theoretic grammars could also be due to lack of familiarity, as rewrite

grammars have been much more thoroughly studied in the last 35 years than

proof theoretic grammars.
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In defense of Lambek grammars, van Benthem (1995) pointed out that, even

if their generative capacity would only equal that of context-free grammars, they

surpass context-free grammars in terms of their strong generative capacity, i.e.

in terms of what structures they can assign to the strings they can generate.

However, in 1988 Buszkowski proved a theorem about the strong generative ca-

pacity of Lambek grammars that, while affirming that their strong generative

capacity extends that of context-free grammars, shows that they do so in a way

that trivializes the notion of strong generative capacity. He showed that if a

string is generated by some Lambek grammar, any binary tree that can “live

on” that string can be assigned as a structural description by that grammar.

Buszkowski called this property of Lambek grammars “structural complete-

ness.” The strong generative capacity of Lambek grammars fell into disrepute

because of that result (cf. Steedman, 1993), which caused some researchers of

proof theoretic grammars to turn their primary attention towards systems that

do not suffer from this defect, like non-associative Lambek grammars (cf. Moort-

gat, 1997). However, Buszkowski had also shown that non-associative Lambek

grammars cannot extend the strong generative capacity of context-free gram-

mars. Thus, we arrive at a problem for proof theoretic grammars: either they

do not extend the strong generative capacity of context-free grammars, or they

do so in a meaningless way.

However, upon close inspection of Buszkowski’s proof, it becomes apparent

that his results on the strong generative capacity of proof theoretic grammars de-

pends on the particular way in which “structure assigned by a Lambek grammar

to a string it generates” is defined. Thus, the first topic of this thesis is how the

notion of structure can be captured in such a way that Lambek grammars can

assign structures that context-free grammars cannot assign, for this would give a

compelling reason for choosing Lambek grammars over context-free grammars.
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Furthermore, we should capture the notion of structure without trivializing it.

The same question will be investigated with respect to non-associative Lambek

grammars.

In this thesis we will consider the proof trees themselves as the structures

that are assigned to strings, rather than Buszkowski’s definition, which disre-

gards the introduction part of the proof tree. As it turns out, they qualify

for the two aims set out in the previous paragraph for both associative and

non-associative Lambek grammars.

The use of proof trees as structural descriptions brings with it a perspec-

tive that is not normally considered in the study of derivation trees of formal

languages or natural languages, corresponding to the third part of Lambek’s

programmatic outline: the study of equivalence of derivations. Thus, we can dis-

tinguish two definitions of structure: proof trees and normal form proof trees.1

Both possibilities will be studied here, as their formal properties do not always

coincide. In addition, we can distinguish using proof trees labeled with formu-

las as structures and using proof trees only labeled with the rules of inference

as structures. The reason for considering both possibilities is that, on the one

hand, derivations in categorial grammar are typically presented labeled with the

formulas. On the other hand, it is not possible to consider the proof trees of a

Lambek grammar labeled with formulas to be terms over a finite signature, as is

customary in the study of the strong generative capacity of grammar formalisms,

if we include every non-normal proof tree that can be used by that grammar,

as that involves labeling the trees with infinitely many formulas. Again, both

possibilities will be investigated, leading to different characterizations. Using

1It should be noted here that Lambek not only prop osesto consider grammars as deductiv e
systems, but also to consider deductiv e systems as categories (in the category theoretic sense).
For Lambek, a proof is a morphism in a category and equivalences of proofs are governed
by the identities of the category. Due to the correspondence between deductiv e systems and
categories, these identities coincide with (the equivalence relation generated by) normalization
(see below). Th us, considering proof trees in normal form as structures is consistent with
Lambek's program.
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proof trees labeled with formulas as structural descriptions leads to a natural

hierarchy of the strong generative capacities of proof theoretical grammars.

While the first part of this thesis is mainly concerned with proof theoretic

aspects of the Lambek calculus, we also investigate its type theoretic aspects.

Following Montague’s program of using typed � -terms to express the meanings

of expressions, this part of the thesis is concerned with type theoretic semantics

that corresponds to proof theoretic grammars. An application of using normal

proof trees for structural description is the study of the number of proofs of

a sequent, i.e. how many different normal proofs does a certain sequent have.

By the correspondence between proofs and � -terms, this question is equivalent

to the question of the degree of ambiguity of an expression derived in a proof

theoretic grammar, i.e. how many different meanings does an expression have.

Counting the number of proofs has been investigated in a variety of logics and

the application of the techniques used for those logics in the Lambek calculus

will be investigated here.

The overall research area of this thesis is best described as mathematical

linguistics. Mathematical linguistics is concerned with two different areas: the

study of mathematical properties of natural languages and the study of math-

ematical properties of linguistic theories. A typical question which would be

investigated in the former part of mathematical linguistics would be: “Is En-

glish (or Lakhota, or Japanese, : : :) a context-free language?” A typical question

which would be investigated in the latter part of mathematical linguistics would

be: “Can a Government and Binding style grammar generate context-sensitive

languages?” This thesis is concerned with the latter part of mathematical lin-

guistics, i.e. the evaluation of a linguistic theory with respect to certain formal

properties.2

2See Perrault (1984) for an overview of formal prop erties of linguistic theories that have
been investigated and the articles in Savitc h (1988) for an overview of mathematical linguistics
in general.
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The overall aim of this thesis is to show that using proofs as structural de-

scriptions for proof theoretic grammars is a natural concept that has interesting

formal properties which in turn have consequences for the application of proof

theoretic grammars in the study of natural languages.



2 The Lambek Calculus

2.1 Categorial Grammars

Before considering the Lambek calculus as such, we provide an introduction

to categorial grammars considered as formal grammars. Classical categorial

grammar is a theory of grammar based on Husserl’s philosophy of categories of

meaning (Husserl, 1900/1901), whose formal foundation was laid by the Pol-

ish logicians Leśniewski and Ajdukiewicz in the thirties (cf. Ajdukiewicz, 1935).

Ajdukiewicz’ calculus was extended and brought into relation to the then-newly-

evolving theory of formal grammars by Bar-Hillel and his associates in the fifties

and sixties (cf. Bar-Hillel, 1964). However, categorial grammar did not have a

great impact on linguistics initially, probably because categorial grammars had

been shown to be weakly equivalent to context-free grammars, which had been

widely held to be too poor to describe important aspects of natural language.

With the renewed interest in the context-free paradigm inspired by Gazdar

(1981) and the use of categorial grammar in Montague Grammar (cf. Dowty,

Wall and Peters, 1989), categorial grammar regained a following. The redis-

covery of Lambek’s (1958) seminal paper lead to the investigation of categorial

grammar as a logic, a point of view to which we will return below.

The most important aspect of categorial grammar is that, contrary to rewrite

grammars, all the work is done solely by the assignment of categories to the

vocabulary. The rules for combining items of certain categories with items of

other categories are a part of the definition of categorial grammars, rather than

a part of the definition of a particular language. In the following, we assume

some familiarity with the basic notions of formal language theory, as laid out in

Hopcroft and Ullman (1979).

The following is a quite standard formalization of categorial grammar.

7



2 THE LAMBEK CALCULUS 8

Definition 2.1 A categorial grammar is a quadruple, 〈Σ; K ; F; S〉, such that

• Σ is a finite set (the terminal symbols or vocabulary),

• K is a finite set (the non-terminal symbols or atomic categories),

• F is a function from Σ to finite subsets of C, where C is the smallest set

such that:

1. K ⊆ C

2. if A; B ∈ C, then (A=B ); (A\B ) ∈ C.

We will write a : A if A ∈ F (a).

• S ∈ K is the distinguished atomic category.3

We will frequently refer to categorial grammars formalized as above as classical

categorial grammars to distinguish them from Lambek grammars, which will be

defined below.

Let S be a set. As always, S∗ denotes the set of all strings of elements of S,

including the empty string, denoted by " , and S+ denotes the set of all strings

of elements of S, not including " .

Definition 2.2 The binary relation

⇒⊆ C∗ × C∗

is defined as follows. Let A; B ∈ C, let �; � ∈ C∗,

� A A\B � ⇒ � B �

� B =A A � ⇒ � B � :
3Using non-atomic categories as the distinguished category has also been prop osed. In the

context of categorial grammars it doesnot make any di�erence whether the distinguished type
is atomic or not; however, in some cases,this is not true for Lambek grammars. Nevertheless,
we will always assume that the distinguished category is atomic.
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The language generated by a CG is

{a1 · · · an ∈ Σ∗ | ∃Ai; ai : Ai; 1 ≤ i ≤ n, and A1 · · ·An
∗
⇒ S}

where
∗
⇒ is the reflexive, transitive closure of ⇒.

Example 2.3 We give an example of a categorial grammar generating

{anbn | n > 0}:

The terminal vocabulary is {a; b}, the non-terminal vocabulary is {B ; S}, with

S the distinguished category. We make the following type assignments to a; b:

a : S=B

b : B ; S\B :

A derivation of a3b3 is given to illustrate how this grammar works. The parts

that replaced have been underlined to ease readability:

S=B S=B S=B B S\B S\B ⇒ S=B S=B S S\B S\B ⇒

S=B S=B B S\B ⇒ S=B S S\B ⇒

S=B B ⇒ S

Since derivations using the ⇒ relation can become rather cumbersome to read,

we also give the following proof style derivation, foreshadowing the dominant
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perspective of this thesis:

S=B

S=B

S=B B
S S\B

B
S S\B

B
S

In the proof format for derivations, the category that results from applying one

category to another is written below the two categories, instead of being replaced

by the resulting category as in the ⇒ case.

The above example is a well-known example of a non-regular, context-free

language. The generative capacity of categorial grammars was characterized by

Gaifman (in Bar-Hillel, 1964).

Theorem 2.4 The set of languages generated by categorial grammars coincides

with the context-free languages.

From the proof of Gaifman’s theorem, we immediately obtain the following

normal form theorem.

Corollary 2.5 (Gaifman Normal Form) Every categorial grammar is equiva-

lent to a categorial grammar which assigns only categories of the form

A; A=B ; (A=B )=C

where A; B ; C are atomic, (i.e. A; B ; C ∈ K ).

Example 2.6 An equivalent grammar to the one in example 2.3 in Gaifman

normal form assigns to the terminals:

a : S=B; (S=B)=S
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b : B :

A derivation of this grammar for a3b3 is:

(S=B)=S

(S=B)=S
S=B B

S
S=B B

S

S=B B
S

2.2 Extensions of Categorial Grammar

Although Lambek’s proof theoretic perspective on categorial grammar, which

will be discussed in detail in the next section, historically precedes most other

extensions of categorial grammars, it can be argued that researchers in cate-

gorial grammar took notice of the Lambek calculus because it offered a better

explanation of some of these other approaches. The other approaches to cat-

egorial grammar that will be discussed in this section can be characterized as

those that offered additional rules of combination of expressions. Among the

extensions of categorial grammar not discussed in this chapter is Lyons (1968)

proposal to use categorial grammar as a base component for transformational

grammar, since the Lambek calculus cannot be used as an explanatory tool for

that approach. For a comprehensive overview of the different approaches to

categorial grammar see the papers in Oehrle [et al.] (1988).

After Ajdukiewicz’s and Bar-Hillel’s original proposals, Montague’s work on

the model theoretic semantics of natural languages was one of the few that used

categorial grammar (cf. Dowty, Wall and Peters, 1989). Although Montague’s

contribution is generally considered to be mainly semantic and his use of cat-

egorial grammar is now considered to be merely notational, he makes implicit
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use of a type change rule, which today is called “type-raising.” Montague con-

structed syntactic categories out of the atomic categories s and n for “sentence”

and “noun,” respectively. He assigned to intransitive verbs the category n\s,

but he assigned to noun phrases the category s=(n\s) rather than the category

n. Thus, our first example of a type change rule is:

B
(A=B )\A

B
A=(B\A)

where the proof notation is supposed to convey that if an expression has category

B then it can also have category (A=B )\A or A=(B\A) for some A. We can

now change the definition of a categorial grammar if we wish and enrich the ⇒

relation by adding to its current definition:

� A A\B � ⇒ � B �

� B =A A � ⇒ � B �

our new type change rules:

� A � ⇒ � (A=B )\A �

� A � ⇒ � A=(B\A) � :

Adding this and other type rules to categorial grammar leads to what is some-

times referred to as “flexible categorial grammar.” Other type change rules that

were proposed are composition:

A=B B =C
A=C

C\B B\A
C\A :
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and the Geach rules:

A=B

(A=C)=(B =C)

B\A

(C\B )\(C\A):

In my opinion, the main reason for the introduction of these additional

rules was that the assignment of multiple categories to words was considered

a shortcoming of categorial grammar. Ideally, every word should be of one

category only, and so instead of assigning many categories to words, it was

hoped that additional rules would reduce the number of assigned categories.

Steedman’s (1993) version of categorial grammar, called “combinatory cat-

egorial grammar” (CCG), is one of the most popular versions of the rule based

extensions of categorial grammar. We will compare the rule based to the de-

ductive approach after the latter is introduced.

2.3 Pro of-Theoretic Categorial Grammars

The proof theoretic perspectives on categorial grammar arises from observing

the close connection between the “slashes” of categorial grammar and logical

implication. The rule that allows us to infer that if w is of type A=B and v is

of type B , then wv is of type A behaves like the familiar modus ponens rule of

inference in logic:
B → A B

A
[→ E ]

:

However, categorial grammar has two kinds of implication:

A=B B
A

[=E]

and
B B\A

A
[\E ]
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which reflect the importance of word order in natural languages. Classical cate-

gorial grammar only possesses what in proof theory are called elimination rules,

i.e. we can only remove a slash. Once the introduction rules corresponding to

the two elimination rules were added to categorial grammar in order to derive

type change rules, we arrive at a deductive system that captures the logical

symmetry of the connectives (cf. Girard [et al.] 1989).

In its most abstract form, a deductive system consists of a definition of

formulas, a collection of axioms and a collection of rules of inference. In this

chapter, we will introduce two particular deductive systems for the Lambek

calculus: the sequent calculus and the natural deduction calculus. The formulas

of our deductive systems are built from a countable set of atomic formulas, and

the connectives: \; =.

In order to define deductions, we need the auxiliary notion of a sequent for

the sequent calculus. A sequent consists of a finite sequence of formulas, the

symbol `, and a single formula:

A1; : : : ; An ` B :

Deductions are finite binary trees, which are written with the leaves on top and

the root at the bottom. Every node in the tree is labeled with a formula (in the

natural deduction calculus), or a sequent (in the sequent calculus). Every leaf

of the tree has to be labeled with an axiom and, going from the leaves to the

root, the label of a node has to be obtained by the label(s) of the nodes right

above it by an application of a rule of inference (which may or may not have

side conditions). We will write:

B
D
C

A

for such trees, rather than using a graph representation of trees.
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Lambek’s (1958) paper “The Mathematics of Sentence Structure” originally

proposed a two-level architecture for categorial grammars. The first level is

a categorial grammar as formalized in definition 2.1, but with the relation ⇒

changed to allow any type change rule that could be deduced in the second level:

the syntactic calculus. The syntactic calculus is a deductive system in which

statements of the form

A1; : : : ; An ` B ;

read “from the types A1; : : : ; An we can infer type B ,” can be proved. Thus,

instead of adding a finite number of type change rules, every type change rule

that can be derived in the Lambek calculus is added to categorial grammar.

Definition 2.7 The sequent calculus formalization of the Lambek calculus con-

tains the axiom [I D ] and the rules of inference [=R]; [=L]; [\R]; [\L ]; and [Cut ]:

A ` A [I D ]

Γ; A ` B
Γ ` B =A

[=R]
Γ ` A ∆; B ; Π ` C

∆; B =A; Γ; Π ` C
[=L]

A; Γ ` B
Γ ` A\B

[\R]
Γ ` A ∆; B ; Π ` C

∆; Γ; A\B ; Π ` C
[\L ]

∆ ` B Γ; B ; Π ` A
Γ; ∆; Π ` A

[Cut ]

An important feature of the Lambek calculus is that one is not allowed to

cancel all premises from the left hand side. This is expressed by a side condition

of the rules [=R] and [\R] which stipulates that Γ 6= ∅. As a consequence of
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this side condition, there are no deductions of the form

` A

in the Lambek calculus. The reason for this is that we want to use the calculus

to derive type changes, i.e. given some types on the left what type can be

derived from them? An empty left hand side does not make any sense under

this interpretation. This has important consequences, as it causes the Lambek

calculus to be not finitely axiomatizable (cf. Zielonka, 1989), i.e. adding a finite

number of axioms to the [Cut ] rule cannot equal the deductive strength of the

Lambek calculus.

Lambek (1958) proved a cut-elimination theorem for the sequent calculus,

thereby establishing the familiar subformula property, which in turn gives rise

to the decidability of the calculus (see below).

It should be noted that the sequent calculus formalization above does not

have any of Gentzen’s structural rules:

Thinning:
Γ; ∆ ` B

Γ; A; ∆ ` B

Contraction:
Γ; A; A; ∆ ` B

Γ; A; ∆ ` B

Permutation:
Γ; B ; A; ∆ ` C
Γ; A; B ; ∆ ` C

which are needed for a sequent calculus formalization of intuitionistic logic. The

first structural rule allows us to add redundant premises, the second allows us

to remove identical premises, and the third allows us to exchange the order of

premises. The Lambek calculus allows none of these, as they destroy important
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information about the premises. Thus the Lambek calculus is a so-called “sub-

structural logic,” i.e. a logic which lacks some or all of the structural rules (cf.

Došen and Schroeder-Heister). The consequences of reintroducing the struc-

tural rules into the Lambek calculus as well as removing the condition on the

non-empty left hand side both for linguistics and formal language theory has

been studied in van Benthem (1995).

Definition 2.8 The natural deduction formalization of the Lambek calculus is

defined as follows:

A [I D ]

....
A=B

....
B

A
[=E]

....
B

....
B\A
A

[\E ]

[B ]
....
A

A=B
[=I ]

[B ]
....
A

B\A
[\I ]

Note: In the rules [\I ] and [=I ], B has to be the leftmost or rightmost uncanceled

hypothesis of A, respectively, and there has to be another uncanceled hypothesis

besides B . When we cancel a premise B , we write it in square brackets [B ]. In

the elimination rules, we call the formula whose connective has been eliminated

the major premise and the other formula the minor premise. A natural deduc-

tion proof tree is a proof of the formula at the root of the tree from the sequence

of formulas at the leaves that have not been cancel in left-to-right order.

Because of the close connection between natural deduction proofs and � -

terms and because the tree like structure of deductions resembles derivation

trees of grammars, the natural deduction version will be the primary object



2 THE LAMBEK CALCULUS 18

of study in the linguistic application of the Lambek calculus. However, it is

important to note that each proof format has its own advantages in certain

applications. The sequent calculus is particularly useful as a decision method

for provability. Among the proof formats not studied here is the proof net

formalism, introduced for the proof theoretic study of linear logic (Girard [et

al.], 1989) and studied in the context of the Lambek calculus by Roorda (1991,

1992). The other format is Lambek’s (1968) pure logic of residuation which

utilizes an additional connective, the product. This formalization has proven

particularly useful in the category theoretic investigation of his calculus. Since

product types do not have many linguistic applications, we do not consider them

here.

Example 2.9 We give the deductions of a theorem of the Lambek Calculus in

both proof formats:

Sequent:
C ` C B ` B

B =C; C ` B
[=L]

A ` A
A=B ; B =C; C ` A

[=L]

A=B ; B =C ` A=C
[=R]

A=B ` (A=C)=(B =C)
[=R]

ND:

A=B
[B =C] [C]

B
[=E]

A
[=E]

A=C
[=I ]

(A=C)=(B =C)
[=I ]

each of which is a proof of A=B ` (A=C)=(B =C).

One important observation about ND proofs in the Lambek calculus is that

we do not have to note which premise is canceled by the applications of [=I ] and

[\I ], respectively, since they can only cancel the rightmost uncanceled premise

and the leftmost uncanceled premise, respectively. This stands in contrast to
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logics with the permutation rule, where one can choose which premise to cancel,

and therefore has to annotate the proof. Also, we can only cancel one premise

at each application of an introduction rule, contrary to logics with the contrac-

tion rule. We can only cancel premises that have been used in an elimination

rule, contrary to logics with the thinning rule, which can be shown by an easy

induction on the height of proof trees. Finally, we can only cancel a premise if

there is at least one additional uncanceled premise above the conclusion.

Equivalence between the sequent calculus and ND proof formats is easily

established using the same methods as for intuitionistic logic (cf. Girard [et al.],

1989; Troelstra and Schwichtenberg, 1996).

2.4 The Non-Asso ciativ e Lam bek Calculus

In a certain sense, there is another structural rule in addition to thinning, per-

mutation, and contraction, which is only implicit in most presentations of the

sequent calculus: associativity of the “,” on the left-hand side of sequents, i.e.

there are the following two implicit structural rules:

∆; (Γ; Σ) ` A
(∆; Γ); Σ ` A

(∆; Γ); Σ ` A
∆; (Γ; Σ) ` A

If we also remove these two structural rules, we arrive at the non-associative

Lambek calculus, introduced in Lambek (1961). The non-associative Lambek

calculus has become very popular for linguistic applications, because it respects

the hierarchical embedding of hypotheses.

Definition 2.10 The natural deduction formalization of the non-associative

Lambek calculus has the following axioms and rules of inference, which are pre-
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sented in sequent format. We abbreviate this formalization by SND.

A ` A [I D ]

Γ ` A=B ∆ ` B

(Γ; ∆) ` A
[=E]

Γ ` B ∆ ` B\A

(Γ; ∆) ` A
[\E ]

(Γ; B ) ` A

Γ ` A=B
[=I ]

(B ; Γ) ` A

Γ ` B\A
[\I ]

Note: In [=I ] and [\I ] there is again a side condition stipulating that Γ 6= ∅.

Instead of the sequent version of natural deduction, we are interested in

the tree version of the non-associative Lambek calculus. However, a direct

definition of natural deduction proof trees for this calculus would involve either

defining proof trees to include parentheses or giving a long list of side conditions

governing the applications of introduction rules. Instead, natural deduction in

the tree format will be defined indirectly, by defining a translation from natural

deduction sequent to natural deduction trees. Well-formed natural deduction

proof trees of the non-associative Lambek calculus will be defined as a subset

of well-formed proof trees of the associative Lambek calculus.

Definition 2.11 Let t be a proof tree of the associative Lambek calculus. We

define its translation into a proof in SND, t∗, as follows:

1. if t = A, i.e. t is an instance of [I D ], then t∗ = A ` A:

2. If t =
t1 t2

A
[=E]
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where t1 =
....

A=B

and t2 =
....
B :

We have t∗1 =
....

Γ ` A=B

and t∗2 =
....

∆ ` B ;

where Γ and ∆ are the uncanceled assumptions of t1 and t2, respectively,

in the order in which they occur. We define t∗ =

t∗1 t∗2
(Γ; ∆) ` A

[=E]
:

3. If t =
t1

A=B
[=I ]

;

where t1 =
B....

A :

Then consider t∗1 =
....

(Γ; B ) ` A:

We define t∗ =
t∗1

Γ ` A=B
[=I ]

:
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Note: [\E ] and [\I ] are defined analogously.

Definition 2.12 A natural deduction proof tree t is a well-formed proof of the

non-associative Lambek calculus if its translation t∗ is a well-formed proof ac-

cording to definition 2.10.

Example 2.13 Consider the following proof tree:

C=(B =(A\B ))

A [A\B ]

B
[\E ]

B =(A\B )
[=I ]

C
[=E]

which can be translated into the well-formed proof of the natural deduction se-

quent version of the non-associative Lambek calculus:

C=(B =(A\B )) ` C=(B =(A\B ))

A ` A A\B ` A\B

(A; A\B ) ` B
[\E ]

A ` B =(A\B )
[=I ]

(C=(B =(A\B )); A) ` C
[=E]

However, the proof tree in example 2.9 is not the translation of any legal SND

proof in the non-associative Lambek calculus, since

A=B ` (A=C)=(B =C)

is not provable in the non-associative Lambek calculus.

2.5 Lam bek Grammars

As such the Lambek calculus is a deductive system just like any other deductive

system. To employ it as a grammar, we need to define under what condition we

can say that it accepts or generates a string. Just as with categorial grammar,

we consider a finite vocabulary Σ and assign to each item in it a finite set of
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formulas. We also consider a distinguished formula s, which is usually an atomic

formula.

We define a Lambek grammar as follows:

Definition 2.14 A(n) (associative) Lambek grammar is a triple G = 〈Σ; s;F 〉,

such that

• Σ is a finite set (the vocabulary),

• s is the distinguished category (a propositional variable),

• F is a function from Σ to finite subsets of formulas, which are built from

a countable set of propositional variables using = and \.

For w ∈ Σ∗, w = a1 · · · an, we say that G accepts w if there is a proof in the

(associative) Lambek calculus of

A1; : : : ; An ` s

with ai : Ai. The language generated by a Lambek grammar G, L (G), is

{a1 · · ·an ∈ Σ∗ | ∃Ai; ai : Ai; 1 ≤ i ≤ n; A1; : : : ; An ` s}:

Non-associative Lambek grammars are defined just like associative Lambek

grammars, except that we demand that

A1; : : : ; An ` s

be provable in the non-associative Lambek calculus, where the assumptions are

parenthesized in some way.

The following celebrated theorem classifies the weak generative capacity of

the Lambek calculus.
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Theorem 2.15 (Pentus, 1997) The languages generated by associative Lambek

grammars are exactly the context-free languages.

The weak generative capacity of non-associative Lambek grammars has been

characterized by Buszkowski (1986):

Theorem 2.16 (Buszkowski) The languages generated by non-associative Lam-

bek grammars are exactly the context-free languages.

We will now contrast the deductive approach to categorial grammar and

the rule based approach of Steedman (1993) and other rule based approaches,

which add to classical categorial grammar a finite number of type change rules.

As was pointed out above, Zielonka (1989) proved that the Lambek calculus

is not finitely axiomatizable, thus, adding a finite number of type change rules

to the ⇒ relation of classical categorial grammar cannot derive all of the type

change rules provable in the Lambek calculus. Therefore, the two approaches

to categorial grammar cannot coincide.

Some of the type change rules proposed by Steedman are deducible in the

Lambek calculus (like composition: A=B ; B =C ` A=C), some are not (like

mixed composition: A=B ; C\B ` C\A). As Steedman points out, his approach

is driven by trying to find type change rules that can be applied to specific

problems in natural language, rather making the use of type change rules de-

pendent on whether or not they are derivable in some calculus. Steedman is of

course correct in stating that there is no a priori reason to leave the use of type

change rules to their derivability in some calculus. Thus, the question is why

we should follow the deductive rather than the rule based approach. Among

the reasons in favor of the deductive approach mentioned in Moortgat (1997),

the systematicity of the relation between syntax and semantics is a particularly

important one. Natural language semantics following Montague’s tradition is

characterized by a rule-to-rule based approach which pairs each syntactic rule
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with a semantic rule. As Moortgat points out the deductive approach to this

correspondence more restrictive than the usual version of compositionality (cf.

Janssen, 1997), since it makes use of the Curry-Howard correspondence be-

tween proofs and types. Also, it should be noted that the Lambek calculus has

an important property: it is sound and complete with respect to free semigroup

models (see Moortgat, 1997), i.e. an interpretation with respect to formal lan-

guages. Therefore, rules that are not deducible in the Lambek calculus are not

sound, making them implausible.

Although, proof theoretic grammars are not part of the linguistic main-

stream, they have been influential in the development of other grammar for-

malisms, some of which are mentioned here:

• Lexical Functional Grammar (LFG), Mark Johnson (1999) recently gave

a reinterpretation of LFG in terms of substructural logic;

• Partial Proof Tree Grammars, which is an offspring of both proof theoret-

ical and Tree Adjoining Grammars (Joshi and Kulick, 1997);

• Minimalism, which is the most recent incarnation of Government and

Binding Theory. An interpretation of Stabler’s (1997) formalization of

minimalism in terms of multi-modal categorial grammar has been given

by Lecomte (to appear).

In addition there have been proposals for extensions of Lambek style gram-

mars, most of which are concerned with additional connectives, some of which

were motivated by linguistic concerns, some of which by formal concerns, which

also have had an influence on other theories of grammar:

• additive connectives: Kanazawa (1992) showed that grammars that assign

categories with additive conjunctions generate languages that are closed
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under intersection and thus have a greater weak generative capacity than

Lambek grammars;

• modalities: Moortgat’s multi-modal categorial grammars, which intro-

duced the essential ideas of the modalities of linear logic to categorial

grammar, i.e. re-introducing the structural rules in a controlled fashion;

• second-order quantifiers: Emms’ (1993) second-order Lambek calculus sys-

tematizes approaches to polymorphism in natural language.

However, none of these extensions will be investigated here.

2.6 Normalization and Cut-Elimination

Once we have introduced the proof theoretic perspective into our grammar

formalism, it is only natural to apply proof theoretic techniques to their study.

In order to demonstrate the decidability of his calculus, Lambek proved a

cut-elimination theorem for it. As we know, cut-free proofs have certain pleasant

properties, including the subformula property.

Theorem 2.17 (Lambek, 1958) The cut rule is admissible for the sequent cal-

culus formalization of the Lambek calculus.

The proof of the cut-elimination theorem for the Lambek calculus is similar

to those for other logics. However, Lambek points out that due to the absence

of the structural rules the proof represents cut-elimination in its “purest” form

(Lambek, 1990).

Definition 2.18 In order to study normalization of natural deduction proofs,
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we define a relation > 1 on ND proofs:

....
A

[A]
....
B

A\B
[\I ]

B
[\E ]

> 1

....
A ....

B

[A]
....
B

B =A
[=I ]

....
A

B
[=E]

> 1

....
A....

B

[B ]

....
B\A

A
[\E ]

B\A
[\I ]

> 1

....
B\A

....
A=B [B ]

A
[=E]

A=B
[=I ]

> 1

....
A=B

We use ≥ to denote the reflexive and transitive closure of > 1. The rela-

tions > 1 and ≥ are usually referred to as � -� -conversion and � -� -reduction,

respectively.

The relation ≥ satisfies the following properties, which are standard in the

literature (cf. Wansing, 1993; Roorda, 1991):

Proposition 2.19 The relation ≥ is confluent (Church-Rosser), i.e. if � 1 ≥ � 2

and � 1 ≥ � 3, then there exists a � 4, such that � 2 ≥ � 4 and � 3 ≥ � 4.

Proposition 2.20 The relation ≥ is both weakly and strongly normalizing, i.e.

every proof tree, t, can be reduced to a normal form proof tree and every reduction

starting with t ends after finitely many steps.

Definition 2.21 A natural deduction proof tree is in � -� -normal form if none

of its subtrees are of the form:

[B ]
....
A

A=B
[=I ]

B
A

[=E]
B

[B ]
....
A

B\A
[\I ]

A
[\E ]
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A=B [B ]

A
[=E]

A=B
[=I ]

[B ] B\A
A

[\E ]

B\A
[\I ]

As a result of proposition 2.19 and proposition 2.20, we know that every

proof tree can be converted into one in normal form, and that that normal form

is unique.

2.7 Applications of Cut-Elimination and Normalization

Among the many applications of the cut-elimination and normalization theo-

rems is the subformula property and the decidability of derivability.

Proposition 2.22 Every formula that occurs in a normal form natural de-

duction proof or cut-free sequent calculus proof is either a subformula of the

(uncanceled) assumptions or of the conclusion.

Proof. In the case of normal deductions, the proof is precisely like the one

for intuitionistic logic (see Troelstra and Schwichtenberg, 1996). In the case

of cut-free sequent calculus proofs, the proof is immediate by inspection of the

rules of inference.

Proposition 2.23 Derivability in the Lambek calculus is decidable.

One nice application of normalization is the proof that every context-free

language can be generated by a Lambek grammar. For this result we use the

normal form result about classical categorial grammars from corollary 2.5.

Theorem 2.24 (Cohen, 1967) Every context-free language can be generated by

a Lambek grammar that assigns the same structure to every string as a classical

categorial grammar.
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Proof. Since every context-free language can be generated by a categorial

grammar which assigns only categories of the form A; A=B ; (A=B )=C, with

A; B ; C atomic, the main idea of the proof is that any normal proof of

A1; : : : ; An ` An+1

with A1; : : : ; An+1 of the above form cannot employ either [=I ] or [\I ].4 This can

be established by induction on the height of the proof tree using the subformula

property and the fact that in a normal deduction the major premise of an

elimination rule cannot be the consequence of an introduction rule. Thus, the

proof trees of Lambek grammars with assigned categories of the above form are

identical to the derivation trees of the categorial grammar assigning the same

categories to the terminal vocabulary.

Another well-known result about the proofs in the Lambek calculus uses the

normalization theorem:

Proposition 2.25 (van Benthem) For any sequent

A1; : : : ; An ` B

there are only finitely many different normal form proofs in the Lambek calculus.

The shapes of normal form proof trees have particular properties that will

be employed in determining the complexity of proof trees associated with gram-

mars.

Definition 2.26 A track of a proof tree t is a sequence of formulas A0; : : : ; An,

such that

4If we had not insisted that distinguished categories be atomic, this proof would break
down in this case.
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• A0 is a leaf of t,

• for 0 ≤ i < n,

– Ai+1 is immediately below A i,

– Ai is not the minor premise of an [\E ] or [=E] application,

• and it is maximal, in the sense that it is not a proper part of another track.

Example 2.27 Consider the proof tree given in example 2.9:

A=B
[B =C] [C]

B
[=E]

A
[=E]

A=C
[=I ]

(A=C)=(B =C)
[=I ]

Note that it is in normal form. Its tracks are:

C

B =C
B

[=E]

A=B
A

[=E]

A=C
[=I ]

(A=C)=(B =C)
[=I ]

:

The following standard result about the shape of tracks in normal proof

trees of (implicational) intuitionistic logic also applies to both the associative

and non-associative Lambek calculus.

Proposition 2.28 In any normal derivation, any track can be divided into an

E-part A0; : : : ; Ai−1, a minimal formula A i, and an I-part A i+1; : : : ; An. In the

E-part, all rules are E-rules, in the I-part all rules are I-rules. The I-part may

be empty.
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Proof. The result is easily established by considering that if an E-rule is ap-

plied after an I-rule, the major premise of the E-rule cannot be the result of the

I-rule, by normality; so it has to be the minor premise of the E-rule, which is a

contradiction.

Proposition 2.29 In a normal proof, every formula occurrence belongs to some

track.

Proof. Straightforward induction on the height of normal deductions.

The following result about tracks used in normal form proofs of Lambek

grammars states that these proof trees are made up of a finite number of tracks,

which is not the case for the set of all proof trees of the Lambek calculus.

Proposition 2.30 The number of different tracks that can occur in normal

form proofs of a fixed associative or non-associative Lambek grammar G is finite.

Proof. Since grammars assign finitely many formulas to the finitely many ter-

minal symbols and the uncanceled assumptions occurring in every well-formed

proof tree of a grammar have to be among the formulas assigned to the termi-

nal symbols, only finitely many formulas can occur as uncanceled assumptions.

Although assumptions that are eventually canceled need not be among the for-

mulas that are assigned to the terminals, by the subformula property, they need

to be subformulas of the assigned formulas or of the conclusion. Thus the num-

ber of formulas that can occur on the top of any track of a proof tree of G is

finite.

The number of applications of E-rules in any track is bounded by the com-

plexity of the top formula of that track. Finally, the number of applications

of I-rules in a track is bounded by the complexity of all assigned categories,

because the conclusion of any I-rule has to be a subformula of the assumptions
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or the conclusion. Thus, there are only finitely many different tracks that can

occur in proof trees of G.



3 Strong Generative Capacity

In mathematical linguistics, the notion of strong generative capacity is used to

distinguish between the mere ability of a grammar to generate a language and

the structures that it assigns to the strings in its language. The strong generative

capacity of a grammar is the set of structures (derivation trees, in the case of

context-free grammars) that are assigned by the grammar to the strings in the

language it generates. For context-free grammars, strong generative capacity is

characterized by Thatcher’s (1967) theorem that states that the set of derivation

trees of context-free grammars coincides with the local tree languages.

The notion of strong generative capacity provides a formal model of the

linguistic notion of structure. In particular, the derivation trees of context-free

grammars were intended to provide a formal model of the notion of constituent

structure.

From the point of view of semantics, the most important aspect of the struc-

ture assigned to expressions by a grammar formalism is that it can be used to

define a compositional semantics for the expression (cf. Janssen, 1997). In the

case of type theoretic semantics, Hendriks (1993) advocated that, for computa-

tional reasons, structures should not be spuriously ambiguous, i.e. two different

structures should correspond to two different meanings.

Recent research in a wide variety of grammar formalisms has stressed the

importance of their strong generative capacity. This has resulted in a renewed

interest in tree formalisms, such as tree automata, tree grammars, and logical

formalisms for the description of trees (see, for example, Rogers, 1998).

In the context of categorial grammar, we can distinguish a number of dif-

ferent approaches to strong generative capacity. Buszkowski has established a

variety of results concerning strong generative capacity. However, he uses a defi-

nition of structure assigned by a grammar to strings that is different from the one

33
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used here. The main difference between the two definitions is that Buszkowski

considers structures to be determined by proofs, whereas here the proofs are

the structures. In the case of classical categorial grammar, the two definitions

coincide. However, this is not the case for grammars that can use introduction

rules, as Buszkowski’s definition essentially only considers the elimination part

of the proof tree.

While van Benthem (1995) implicitly assumes that the structures assigned

to strings generated by Lambek grammars are the proof trees that establish that

a string is generated by a grammar, Moortgat (1997) states that they should

not be considered as such. However, he neither explains why they should not

be so considered nor how else the notion of structure should be captured.

In addition to Buszkowski’s results, there have also been related investiga-

tions in the complexity of the � -terms associated with proofs of the Lambek

calculus (van Benthem, 1987; Moerbeek, 1991). However, these were concerned

with studying the � -terms as strings, rather than as structured objects like trees.

This chapter is organized as follows. After reviewing the technical back-

ground for the study of tree languages, we introduce a particular formalization

of the derivation trees of categorial and Lambek grammars. Before considering

the formal properties of proof trees as structures, we review the formal properties

of derivation trees of classical categorial grammars and Buszkowski’s definition

of structure assigned by Lambek grammars. Then we consider different notions

of structure assigned by associative and non-associative Lambek grammars. The

main results of this chapter are that the strong generative capacity of Lambek

grammars extends that of context-free grammars and that classical categorial

grammars, non-associative Lambek grammars, and associative Lambek gram-

mars form a hierarchy with respect to strong generative capacity.
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3.1 Tree Languages and Automata

The investigation of the strong generative capacity of formal grammars gener-

alizes the theory of formal (string) languages to tree or term languages. Terms

represent derivation trees of grammars. We review some of the basic concepts

of tree automata and tree languages; for a more complete reference see Gécseg

and Steinby (1984).

Definition 3.1 A tree is a term over a finite signature Σ containing function

and constant symbols. The set of n-ary function symbols in Σ will be denoted

by Σn. The set of all terms over Σ is denoted by TΣ; a subset of TΣ is called a

tree language or forest. The yield of a tree t, denoted by yiel d(t), is defined by

yiel d(c) = c, for c ∈ Σ0

yiel d(f (t1; : : : tn)) = yiel d(t1) : : : yiel d(tn), for f ∈ Σn; n > 0:

Thus, the yield of a tree is the string of symbols occurring as leaves. The root

of a tree t, r oot(t), is defined by

r oot(c) = c; for c ∈ Σ0

r oot(f (t1; : : : ; tn)) = f ; for f ∈ Σn; n > 0:

Definition 3.2 If s1; s2 ∈ TΣ, and x ∈ Σ0, we use s1[x 7→ s2] to denote the

term resulting from substituting s2 for x in s1.

We will consider three classes of tree languages: the local, regular, and

context-free tree languages. It should be noted that there is a source of confusion

in the choice of names for these classes of tree languages, since the same names

as for classes of string languages are used.
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3.1.1 Local Tree Languages

A local tree language is a tree language for which membership can be checked

using very simple (local) properties of trees.

Definition 3.3 The fork of a tree t, f ork(t), is defined by

f ork(c) = ∅, for c ∈ Σ0

f ork(f (t1; · · · ; tn)) = {〈f ; r oot(t1); : : : ; r oot(tn)〉} ∪

n⋃

i=1

f ork(t i)

For a tree language L , we define

f ork(L ) =
⋃

t∈L

f ork(t)

Note that f ork(TΣ) is always finite, since Σ is finite.

Definition 3.4 A tree language L ⊆ TΣ is local if there are sets R ⊆ Σ and

E ⊆ f ork(TΣ), such that, for all t ∈ TΣ; t ∈ L iff r oot(t) ∈ R and f ork(t) ⊆ E .

From this definition, it is apparent that in order to show that a tree language

L is not local, it suffices to show that there are t1; t2 ∈ TΣ, such that t1 ∈ L; t2 =∈

L; root(t1) = r oot(t2), and f ork(t2) ⊆ f ork(t1).

The relation between local tree languages and the derivation trees of context-

free string grammars was established by Thatcher:

Theorem 3.5 (Thatcher, 1967) S is the set of derivation trees of some context-

free grammar iff S is local.

3.1.2 Regular Tree Languages

Most of the research on tree languages has been conducted with respect to

regular tree languages. There are many equivalent definitions of regular tree

languages, the most common being with respect to finite tree automata.
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Definition 3.6 A finite tree automaton is a system 〈Σ; Q; q0; ∆〉, such that

• Σ is a finite signature,

• Q is a finite set of (unary) states,

• q0 ∈ Q is the start state,

• ∆ is a finite set of transition rules of the following type:

q(f (v1; : : : ; vn)) → f (q1(v1); : : : ; qn(vn))

f ∈ Σ n, q; q1; : : : ; qn ∈ Q; with the particular case

q(c) → c

c ∈ Σ0.

To be precise, the above is a finite non-deterministic root-to-frontier tree

automaton. Intuitively, the automaton scans a tree starting at its root and tries

to read the whole tree. It accepts a tree if it succeeds in reading the whole tree,

it rejects otherwise. We can now define the transition relation for finite tree

automata for which we need the auxiliary notion of a context.

Definition 3.7 A context is a term over Σ∪ {x} containing the zero-ary term

x exactly once.

Definition 3.8 Given a finite tree automaton M = 〈Σ; Q; q0; ∆〉 the derivation

relation ⇒M⊆ TQ∪Σ × TQ∪Σ is defined by t ⇒M t ′ if for some context s and

some t1; : : : ; tn ∈ TΣ, there is a rule

q(f (v1; : : : ; vn)) → f (q1(v1); : : : ; qn(vn))
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in ∆, and

t = s[x 7→ q(f (t1; : : : ; tn))]

t ′ = s[x 7→ f (q1(t1); : : : ; qn(tn))]:

We use ⇒∗
M to denote the reflexive, transitive closure of ⇒M . A finite automa-

ton M accepts a term t ∈ TΣ if q0(t) ⇒∗
M t. The forest accepted by a finite tree

automaton M is

{t ∈ TΣ | q0(t) ⇒∗
M t}:

Definition 3.9 A tree language is regular if it is accepted by a finite tree au-

tomaton.

Another formalization of tree languages can be given in terms of regular tree

grammars.

Definition 3.10 A regular tree grammar is a system 〈Σ; Γ; S;∆〉, such that

• Σ is a finite signature (the terminal vocabulary),

• Γ is a finite set of 0-ary non-terminals,

• S ∈ Γ is the distinguished start symbol,

• ∆ is finite set of rules of the form: A → t, with A ∈ Γ and t ∈ TΣ∪Γ.

The derivation relation for regular tree grammars is defined as follows.

Definition 3.11 Given a regular tree grammar G = 〈Σ; Γ; S;∆〉, the derivation

relation ⇒G is a binary relation on TΣ∪Γ such that s ⇒G s′ if there is a rule

A → t, and s′ = s[A 7→ t].

The language generated by a regular tree grammar G, L (G), is defined by:

{t ∈ TΣ | S ⇒∗
G t}
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where ⇒∗
G is the reflexive, transitive closure of ⇒G, and S is the distinguished

start symbol of G.

Example 3.12 Consider the following regular tree grammar G = 〈Σ; Γ; S;∆〉,

where Σ = Σ0 ∪ Σ2 ∪ Σ3; Σ0 = {a; b}; Σ2 = {f }; Σ3 = {g}, Γ = {S;A; B}, and

∆ = {

S → f (A; B )

S → g(A; S;B )

A → a

B → b}

This tree grammar generates the set of trees which correspond to the derivation

trees of the context-free string grammar with rules:

S → A B

S → A S B

A → a

B → b

generating the language {anbn | n > 0}. The function symbols f and g mark

which of the rules have been applied.

Proposition 3.13 A tree language is regular iff it is generated by a regular tree

grammar.

Proof. See Gécseg and Steinby (1984).

Regular tree languages have a Myhill-Nerode characterization similar to that

of string languages. The Myhill-Nerode theorem for tree languages will be our
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primary tool for proving tree languages non-regular.

Theorem 3.14 (Myhill-Nerode) A subset S ⊆ TΣ is regular iff the equivalence

relation,

∼S⊆ TΣ × TΣ;

defined by

� 1 ∼S � 2 iff for all contexts � (x), � [x 7→ � 1] ∈ S iff � [x 7→ � 2] ∈ S

determines finitely many equivalence classes (is of finite index).

Proof. See Kozen (1997).

The relation between local tree languages and regular tree languages is char-

acterized by the following theorem.

Theorem 3.15 Every local tree language is regular.

Proof. Follows immediately from the Myhill-Nerode theorem (theorem 3.14).

In addition, there is also the following characterization of the yields of regular

tree languages.

Theorem 3.16 The yield of any regular tree language is a context-free string

language.

Proof. See Gécseg and Steinby (1984).

3.1.3 Context-Free Tree Languages

In order to be able to generate more complex tree languages than those of finite

automata, the extension to pushdown tree automata and context-free tree lan-

guages has been investigated by a number of researchers. For this investigation,
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the top-down pushdown automata proposed by Guesserian (1983) are the most

useful.

Definition 3.17 A pushdown tree automaton is a system 〈Σ; Γ; Q; q0; Z0; ∆〉,

such that

• Σ is a finite signature (the input signature),

• Γ is a finite signature (the pushdown signature; we assume Σ ∩ Γ = ∅),

• Q is a finite set of (binary) states,

• q0 ∈ Q is the start state,

• Z0 ∈ Γ is the initial stack symbol,

• ∆ is a finite set of rules of the form

q(f (v1; : : : ; vn); E (x1; : : : ; xm)) → f (q1(v1; 
 1); : : : ; qn(vn; 
 n));

q(v; E (x1; : : : ; xn)) → q′(v; 
 ′);

q(c) → c

with q; q′; q1; : : : ; qn ∈ Q, c ∈ Σ0; f ∈ Σn; n > 0; E ∈ Γm; 
 ′; 
 1; : : : ; 
 n ∈

TΓ∪{x1,...,xm}:

The transition relation (⇒) can be defined straightforwardly as a generaliza-

tion of definition 3.8 (see Guesserian, 1983). A term t is accepted by a pushdown

automaton if q0(t; Z0) ⇒∗ t, where ⇒∗ is the reflexive, transitive closure of ⇒.

Example 3.18 The following pushdown tree automaton accepts the language

g(f (a; : : : ; f (a; a) : : :); f (b; : : : ; f (b; b) : : :); f (c; : : : ; f (c; c) : : :))
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with an equal number of a’s, b’s, and c’s. Note that the frontier of this tree

language is the non-context-free string language:

{anbncn | n ∈ N}

The pushdown automaton M = 〈Σ; Γ; Q; q; Z0; ∆〉 is defined as follows:

• Σ = Σ0 ∪ Σ2 ∪ Σ3

– Σ0 = {a; b; c}

– Σ2 = {f }

– Σ3 = {g}

• Γ = Γ0 ∪ Γ2

– Γ0 = {Z0}

– Γ2 = {F }

• Q = {q}

• ∆ = {

q(g(v0; v1; v2); Z0) → g(q(v0; Z0); q(v1; Z0); q(v2; Z0))

q(g(v0; v1; v2); Z0) → q(g(v0; v1; v2); F (Z0; Z0))

q(g(v0; v2; v2); F (x; y)) → q(g(v0; v1; v2); F (Z0; F (x; y)))

q(g(v0; v1; v2); F (x; y)) → g(q(v0; F (x; y)); q(v1; F (x; y)); q(v2; F (x; y)))

q(f (v0; v1); F (x; y)) → f (q(v0; x); q(v1; y))

q(a; Z0) → a

q(b; Z0) → b

q(c; Z0) → c}



3 STRONG GENERATIVE CAPACITY 43

The automaton uses the stack to increase non-deterministically the number of

a’s, b’s, and c’s that should occur in the tree by the second and third rule.

Alternatively, it non-deterministically passes that number to the three subtrees

of g. If the all three subtrees have the same number of frontier symbols (by

matching the frontier symbol with Z0), the automaton accepts. It rejects if it

ever reaches a frontier symbol and does not have Z0 on the stack.

Guesserian proved that the following extended rules do not change the tree

language that can be recognized.

Proposition 3.19 (Guesserian, 1983) If we also allow rules of the form

q(t(v1; : : : ; vn); E (x1; : : : ; xm)) → f (q1(v1; 
 1); : : : ; qn(vn; 
 n));

or

q(t(v1; : : : ; vn); E (x1; : : : ; xn)) → q′(t(v1; : : : ; vn); 
 ′);

where t is term of depth > 2, with each vi occurring exactly once in t, then

the class of tree languages recognized does not extend the class of languages

recognized by pushdown tree automata.

Definition 3.20 The language accepted by a pushdown tree automaton is called

a context-free tree language.

The relationship between regular and context-free tree languages is similar

to that of regular and context-free string languages, as the following proposition

exemplifies.

Proposition 3.21 The intersection of a regular and a context-free tree lan-

guage is context-free.

Proof. By the same construction as for string language automata.
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Just as there is a connection between regular tree languages and context-

free string languages, there is a connection between context-free tree languages

and the class of indexed languages (cf. Hopcroft and Ullman, 1979), which

are properly contained in the class of context-sensitive languages, and which

properly contain the context-free languages.

Proposition 3.22 The yield of any context-free tree language is an indexed

string language.

Proof. See Gécseg and Steinby (1997).

Indexed languages have been proposed as an upper bound of the complexity

of natural languages, after it was shown that certain phenomena in natural

languages cannot be described with context-free grammars (cf. Gazdar, 1988;

Gazdar and Pullum, 1985).

3.2 Pro of Tree Languages

In this part, we will consider structures generated by categorial grammars as

term languages over the signature Σ = {[=E]; [\E ]; [=I ]; [\I ]; [I D ]}, where

• [I D ] is a zero-ary function symbol,

• [\I ] and [=I ] are unary function symbols,

• [\E ] and [=E] are binary function symbols.

The terms over this signature represent proof trees that neither have infor-

mation about the formulas for which they are a proof nor the strings that are

generated by a grammar using this proof. The reason for using this, somewhat

impoverished, notion of structure is that it provides an abstract definition using

a finite signature, making it possible to consider the proof trees of every Lambek

grammar as a language over this signature.
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It should be noted that these terms represent proofs unambiguously; we can

decide solely on the basis of the unlabeled proof trees which leaf is canceled by

an application of [\I ] or [=I ] without annotating the proof, since they cancel the

leftmost or the rightmost uncanceled hypothesis, respectively. However, this is

the case only for the Lambek calculus, because of its lack of structural rules.

For other logics, it would be necessary to annotate the proof trees at least with

which premise is canceled and how many instances of this premise are canceled,

which would not be possible to do with a finite signature.

As a matter of fact, these proof trees can be used as a variable free for-

malization of the bi-directional � -calculus (see below, chapter 4). Although we

are not concerned with the labeling of the leaves with formulas at first, as that

would necessitate the introduction of infinitely many labels for leaves, it should

be noted that we can use the principal type algorithm to provide an unlabeled

proof tree with the principal pair for which it is a proof, which we will return

to later.

In addition to considering the proof trees of proof theoretical grammars as

being terms over the signature Σ, we can also consider them as being trees

labeled with formulas. This is certainly the more often employed mode of label-

ing derivation trees of categorial grammars. However, if we want to study proof

trees which are labeled with formulas and which are terms over a finite signature,

we have to restrict ourselves to proof trees in normal form, because non-normal

proof tree languages need to be labeled with infinitely many different formulas.

There is also a technical difficulty involved in labeling trees with formulas.

Formulas can occur as the leaf of a tree (i.e. as a 0-ary function symbol), as

the conclusion of an introduction rule (i.e. as a unary function symbol), and as

the conclusion of an elimination rule (i.e. as a binary function symbol). Since

we treat the labels of trees as function symbols with a fixed arity, it would be
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necessary to distinguish occurrences of formulas depending on which arity they

occur with. In order to overcome this difficulty, we could extend signatures

that contain formulas to signatures containing three different “copies” of each

formula A: 〈A; 0〉, 〈A; 1〉, and 〈A; 2〉, i.e. one for each arity. Instead, we will

simply label trees with formulas, which could be supplied with their arity if need

be.

In order to study the formalization of proof trees using the signature Σ, we

need to consider how many canceled and uncanceled assumptions are present in

a proof tree, which is defined inductively:

Definition 3.23 The constant [I D ] contains one uncanceled assumption and

no canceled assumptions. If � 1 and � 2 contain m and n uncanceled assumptions

and k and l canceled assumptions, respectively, then [=E](� 1; � 2) and [\E ](� 1; � 2)

contain m+n uncanceled and k+l canceled assumptions, and, for m > 1; [=I ](� 1)

and [\I ](� 1) contain m − 1 uncanceled and k + 1 canceled assumptions.

3.3 Pro of Trees of Classical Categorial Grammar

The structures that are assigned by classical categorial grammars, i.e. by cate-

gorial grammars lacking the introduction rules, are defined with respect to the

category that they assign to strings.

Definition 3.24 If a ∈ Σ has category A (i.e. a : A), then a is assigned

the structure [I D ]. If w; v ∈ Σ∗ are assigned the categories A=B and B and

structures t1 and t2, respectively, then wv has category A and is assigned the

structure [=E](t1; t2). If they are assigned categories B and B\A, respectively,

then vw has category A and structure [\E ](t1; t2).

It is easy to show that the structures assigned by categorial grammars to

strings they generate are regular tree languages. In fact, this immediately follows
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from the construction of Gaifman’s theorem. It has also been proved directly

by Buszkowski using the Myhill-Nerode theorem (Buszkowski, 1988b).

An even easier proof can be given using regular tree grammars.

Proposition 3.25 The set of derivation trees of a categorial grammar is regu-

lar.

Proof. Since the grammar assigns a finite set of categories, the set of all subfor-

mulas of assigned categories is finite. We will use this set as the non-terminals,

i.e. the non-terminals are

Γ = {A | A is a subformula of some B , such that for some a ∈ Σ; a : B }

The rules of the grammar contain for all A ∈ Γ, such that A=B ; B ∈ Γ, the rule

A → [=E](A=B ; B )

and for all A ∈ Γ, such that B\A; B ∈ Γ, the rule

A → [\E ](B ; B\A)

Furthermore, if a : A, for some A ∈ Γ, then

A → [I D ]

is a rule. By an easy induction on the height of derivation trees of this categorial

grammar, it can be established that all of its derivation trees are generated by

this tree grammar; furthermore, by induction on the number of steps of the

derivation relation, it can be established that any tree generated by this tree

grammar is a derivation tree of this categorial grammar.
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3.4 Pro of Trees of Lam bek Grammars

3.4.1 Structures Determined by Proofs: Structural Completeness

As was pointed out in the introduction, in the case of Lambek grammars Busz-

kowski introduced a notion of structure assigned by a Lambek grammar that

differs from the one used here. In order to define his notion of structure, he notes

that the Lambek calculus can be axiomatized using as axioms all the A ` B

such that A ` B is provable in the Lambek calculus, and as rules of inference

[=E] and [\E ]. This is true, since if

A1; : : : ; An ` B

is derivable in the Lambek calculus, then so is

A1 ` (· · · ((B =An) · · ·)=A2)

and

A1; : : : ; An ` B

is then derivable using [=E],

Ai ` Ai;

and

A1 ` (· · · ((B =An) · · ·)=A2):

Using this axiomatization, Buszkowski is able to assign to strings derivable

by a Lambek grammar structures over the signature {[=E]; [\E ]} using the rules

in definition 3.24 with the additional rule: if w ∈ Σ∗ has category A, is assigned

structure t, and

A ` B
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is derivable in the Lambek calculus, then w has category B and is assigned

structure t, i.e. rather than marking the application of a rule at this stage in

the derivation, the unary structure that is generated by this transition is dis-

regarded. The structures built from [=E] and [\E ] are called f -structures (for

function/argument structures) by Buszkowski. Buszkowski also considers struc-

tures built from a single function symbol [E ], which are called p-structures (for

phrase structures).5 P -structures are the homomorphic image of f -structures

using the following mapping, which simply erases the slashes:

h([I D ]) = [I D ]

h([\E ](t)) = h([=E](t)) = [E ](h(t)):

It appears that Buszkowski’s main reason for considering these notions of

structure was to use them to investigate the weak generative capacity of proof

theoretic grammars, i.e. to investigate the yields of the structures that are as-

signed by proof theoretic grammars. For that purpose, it is clearly sufficient

to disregard unary branching parts of trees, which is essentially the same as

disregarding introduction rules, as they do not affect the yield of a tree. How-

ever, if we are interested in considering the structures by themselves, even unary

branching parts of trees cannot be disregarded.

The first criticism concerning his definition is that it does not take into ac-

count the structure of the proof that actually establishes that a particular string

is generated by a grammar. The second criticism concerns the aforementioned

result that Buszkowski himself proved.

Theorem 3.26 (Buszkowski) Any p-structure that can be assigned to a string

w can be assigned to w by every Lambek grammar that can generate w.

5To be precise, Buszkowski uses a di�eren t notation, which however ful�lls the same pur-
pose.
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Proof. There are two observations needed to prove this theorem. The first is

that if vw is assigned

[=E](t1; t2);

then it can also be assigned

[\E ](t1; t2):

Observe that, since vw is assigned this structure, there are categories A=B and

B such that

v : A=B

w : B :

Since

B ` (A=B )\A

is provable in the Lambek calculus,

w : (A=B )\A

and therefore

[\E ](t1; t2)

can be assigned to vw.

Now, in order to prove structural completeness with respect to p-structures,

it suffices to observe that if

[E ](t1; [E ](t2; t3))
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can be assigned to a string uvw, then

[E ]([E ](t1; t2); t3)

can also be assigned to it, using induction on the length of the string. By the

previous observation, we can assume that

v : (A\B )=C

u : A

w : C;

i.e. we can assume that uvw is assigned the f -structure

[\E ](t1; [=E](t2; t3)):

Since

(A\B )=C ` A\(B =C)

in the Lambek calculus,

[E ]([E ](t1; t2); t2)

can be assigned to uvw.

It should be noted that, if Buszkowski’s construction were to be performed

on natural deduction proof trees, it would not preserve normality, as the proof

tree

A=B

A=B B
A

[=E]

(A=B )\A
[\I ]

A
[\E ]

needed to exchange [=E] and [\E ] in an f -structure is not in � -normal form.
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The last criticism of Buszkowski’s definition of structure is concerned with

the question of whether it is possible to use it as a basis for a compositional

semantics based on the Curry-Howard isomorphism (see below, chapter 4) in the

same way that natural deduction proof trees can. Since one of the main purposes

of the notion of structure in linguistics is to use it as a basis for semantics, i.e.

to define a (compositional) function that assigns meanings on the basis of the

structure assigned by some grammar (cf. Janssen, 1997), it is an important

part of evaluating a definition of structure whether it is possible to use it for

this purpose. However, Buszkowski’s notion of structure cannot be used in

this way, since the following proposition shows that there is no compositional

function that can assign the same semantics as the type theoretic semantics of

the Lambek calculus to p-structures or f -structures. Although it is certainly

possible to give some compositional semantics for p-structures or f -structures,

it could not be the same as the one given by the Curry-Howard isomorphism

for natural deduction proof trees.

Proposition 3.27 There is no function m from p-structures or f -structures to

proof trees, such that every normal form proof tree that is a proof of

A1; : : : ; An ` B

is assigned to some p-structure or f -structure determined by

A1; : : : ; An ` B :

Proof. The easiest way to show this is to demonstrate that already the base

case fails, i.e. that there is a sequent

A ` A



3 STRONG GENERATIVE CAPACITY 53

that has two (or more) normal form proofs. If some symbol, a ∈ Σ, is assigned A

by a Lambek grammar, then there is only one p-structure or f -structure that can

be assigned to a. But, since there are two (or more) proof trees that correspond

to A, there is no function that can assign both to the same p-structure or f -

structure.

Consider the following sequent which has two normal form proofs in the

Lambek calculus:

(A=(A\A))\A ` (A=(A\A))\A

The first proof is a simple application of [I D ]:

(A=(A\A))\A;

while the second is somewhat more complex:

[A=(A\A)]

[A] [A\A]

A
[\E ]

A=(A\A)
[=I ]

(A=(A\A))\A
A

[\E ]

A\A
[\I ]

A
[=E]

(A=(A\A))\A
[\I ]

which completes the proof.

The detailed study of counting the number of normal form proofs of a given

sequent will be taken up in section 4.3.

3.4.2 Proofs as Structures

If we want to consider proofs to be structures, we have at least the following

two options to consider: either we consider every proof that establishes that a

certain string is generated by a Lambek grammar to be the structures assigned
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to that string by that grammar, or we only consider those proofs that are in � -� -

normal form. Although it would be possible to consider, say, trees in � -normal

form, the reason for choosing � -� -normal form is its connection to semantics, i.e.

the fact that in type theoretic semantics meanings are represented by � -terms,

and two meanings are considered the same if they are � -� -equivalent. It should

be noted that there is not a difference in weak generative capacity nor semantic

expressiveness Lambek grammars using either definition of structure. We will

consider both options, as they differ with respect to their formal properties. We

can also distinguish between proof trees labeled with formulas and proof trees

labeled with the rules of inference used. We will consider the second option

first, and return to the first later.

We first consider the set of all proofs of the Lambek calculus, although no

grammar could ever use the set of all proofs, which can be easily shown using

the fact that the set of all trees consists of infinitely many different tracks and

proposition 2.30. Let us call the set of proofs of the Lambek calculus TΠ.

Theorem 3.28 The set of well-formed proof trees of the Lambek calculus is not

regular.

Proof. Consider the following context

� 0(x) = [\I ]([\E ](x; [I D ])):

Any tree that can be substituted for x has to contain at least one uncanceled

assumption. If it doesn’t, then the term is not well-formed, as we cannot cancel

the premise to its left and arrive at a well-formed proof tree in the Lambek

calculus. Let us generalize the above observation and define

� n+1(x) = [\I ](� n(x)):
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Also, for all n > 0, let � n be an arbitrary well-formed proof tree containing n +1

uncanceled assumptions. Into any � n(x) we can only substitute a tree with at

least n + 1 uncanceled assumptions. Therefore, for all k; l , such that k 6= l ,

� k �TΠ
� l;

because either

� k[x 7→ � l] =∈ TΠ

or

� l[x 7→ � k] =∈ TΠ:

This immediately implies that ∼TΠ
determines infinitely many equivalence

classes, since we have infinitely many pairwise non-equivalent terms. Therefore

the set of proofs of the Lambek calculus is not regular.

Corollary 3.29 The set of normal form proofs of the Lambek calculus is not

regular.

Proof. In the above construction, choose � n to be a proof with n+1 uncanceled

assumptions and with no occurrence of either [\I ] or [=I ]. Substituting � n for x

in � n(x) gives a normal form proof tree, since there are no introductions followed

by eliminations. Again we arrive at infinitely many equivalence classes, showing

that the set is not regular.

However, in the above proofs we considered the set of all proof trees of the

Lambek calculus. The complexity of proof trees of grammars based on the

Lambek calculus, which only use a subset of the set of all proof trees, depends

on whether we consider all the possible proof trees that a grammar can assign

to the strings in its language or only those in normal form. The approach

taken both in traditional linguistics and in formal language theory is to consider
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any two derivations of a string as different as long as they are not identical.

However, if we also want our representations to lack spurious ambiguity, we

need to restrict the set of structures assigned by grammars to consist only of

normal ones, since type theoretic semantics distinguishes meanings only up to

� -� -equivalence. Such a restriction can change the complexity of the structures

assigned by a grammar, as the following theorem illustrates.

Theorem 3.30 There is a Lambek grammar G such that its set of non-normal

proof trees is not regular, although its set of normal proof trees is regular.

Proof. Consider the grammar G which generates the regular (string) language

a+:

a : S;

S=S:

The normal trees of G are regular, since G assigns categories in Gaifman normal

form by theorem 2.24. To show that the set of all proof trees of G are not regular,

we use the Myhill-Nerode theorem and construct a set of contexts

T = {� n(x) | n ∈ N}

and a set of trees

Π = {� n | n ∈ N};

such that for all n; m, such that n 6= m,

� n �G � m;

where ∼G denotes the Myhill-Nerode equivalence relation of the proof tree lan-
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guage of G.

We construct T by

� n(x) = � (x)[x 7→ [\E ]([I D ]; [\E ]([I D ]; : : : ; [\E ]([I D ]; ([\I ]nx))))];

with the number of [\E ]’s matching the number of [\I ]’s, and Π by

� 0 = [=E]([I D ]; [=E]([I D ]; [I D ]))

� n+1 = [=E]([I D ]; � n):

First, notice that, by the construction, for all n,

� n(x)[x 7→ � n]

is a proof of the grammar, but for all k < n,

� n(x)[x 7→ � k]

is not, since � k does not contain enough uncanceled assumptions. Therefore,

for all k; l , such that k 6= l ,

� k �G � l;

which completes the proof.

Note that theorem 3.28, corollary 3.29, and theorem 3.30 also hold for the

non-associative Lambek calculus, as their proofs do not make use of associativity.

It also should be noted that the construction in theorem 3.30 does not preserve

normal forms of proofs. Thus, it is a natural question to ask what the tree

automata theoretic complexity of normal form proofs of a grammar is. This

perspective brings with it an interesting approach to strong generative capacity,
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disregarding the non-normal derivations that can be counted as equal to some

normal form proof tree. Although normalization obviously does not preserve the

strong generative capacity of a grammar, as certain proof trees can no longer

be assigned as structures to strings, the fact that the semantic expressiveness

of the system is preserved, i.e. the meanings that can be assigned to strings

using either definition coincide, makes it a plausible choice for the definition of

structure.

The set of normal form proof tree languages includes regular languages.

For example, the set of normal form proofs that can be used by a Lambek

grammar that generates a finite language has to be finite, by proposition 2.25,

and therefore regular. Furthermore, any Lambek grammar that only assigns

categories in Gaifman normal form is regular by theorem 2.24.

However, we can give an example of a normal form proof tree language that

is not regular.

Theorem 3.31 There is a Lambek grammar whose normal form proof tree lan-

guage is not regular.

Proof. Consider the following grammar that generates the regular (string)

language a+:

a : S;

S=(A=A);

S=(S=(A=A)):

The following proof trees are normal form derivation trees for the strings a, aa,

aaa, respectively:

S
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S=(S=(A=A)) S=(A=A)

S
[=E]

S=(S=(A=A))

S=(S=(A=A))

S=(A=A)

[A=A]

[A=A] [A]

A
[=E]

A
[=E]

A=A
[=I ]

S
[=E]

S=(A=A)
[=I ]

S
[=E]

S=(A=A)
[=I ]

S
[=E]

In general, normal form proof trees of this grammar for strings of length

n > 2 have the following form:

• they have a top part, consisting of n − 1 occurrences of A=A:

[A=A]

[A=A] [A]

A
[=E]

....
A

A
[=E]

• a middle part:

S=(A=A) A=A
[=I ]

S
[=E]

• and a bottom part, where the number of [=I ] matches the number of A=A

in the top part:

S=(S=(A=A))

S=(S=(A=A)) S=(A=A)
[=I ]

S
[=E]

....
S

S=(A=A)
[=I ]

S
[=E]
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From this observation it is straightforward to conclude that the set of normal

form proof trees of this grammar is not regular. We can again construct a set

of contexts

T = {� n(x) | n ∈ N}

and a set of trees

Π = {� n | n ∈ N}

such that

� k(x)[x 7→ � ]

is a normal form proof tree that is used to establish that some string is generated

by the grammar iff � = � k.

In order to define T and Π, we use the above observations about the structure

of proof trees used by this grammar. We define the members of T by the

following recursion:

� 0(x) = [=E]([I D ]; [=I ]([=E]([I D ]; [=I ]([=E]([I D ]; [=I ](x))))))

� n+1(x) = [=E]([I D ]; [=I ](� n(x))):

Note that � 0(x) corresponds to the bottom and middle part of the proof tree

for aaa and that each � n(x); n > 0; corresponds to the bottom and middle part

of the proof tree for aaaan. The members of Π are defined as follows:

� 0 = [=E]([I D ]; [=E]([I D ]; [I D ]))

� n+1 = [=E]([I D ]; � n):

In this case, � 0 corresponds to the top part of the derivation tree of aaa and

that each � n; n > 0; corresponds to the top part of the proof tree for aaaan.
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Note that these proofs are in normal form, although they follow introductions by

eliminations, since the conclusion of the introduction rule is the minor premise

of the elimination rule.

Before giving an upper bound on the complexity of the normal form proof

trees of associative Lambek grammars, we give a linguistically more interesting

example of a non-regular tree language that can be assigned to a context-free

string language by a Lambek grammar.

Example 3.32 As pointed out by Gazdar (1988), the advantage of indexed

grammars is that they can assign structures to strings that context-free gram-

mars cannot assign, even if the string language generated by that grammar is

context-free.

For example, indexed grammars can derive strings in the language {anbn |

n > 0} by first deriving a string n b’s followed by n a’s, which the following

derivation illustrates:

S

B

A

A

a

a

b

b

It is easy to show that no context-free grammar could assign these structures

to the strings in this language.

However, the following Lambek grammar assigns structures to the strings in
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this language in the same way.

a : S=(A=B );

A=(A=B )

b : A=B ;

(A=B )=A

We give proof trees for ab; aabb; aaabbb:

S=(A=B ) A=B
S

[=E]

S=(A=B )

A=(A=B )

(A=B )=A
A=B [B ]

A
[=E]

A=B
[=E]

A
[=E]

A=B
[=I ]

S
[=E]

S/(A/B)

A/(A/B)

A/(A/B)

(A/B)/A

(A/B)/A

A/B [B]

A
[/E]

A/B
[/E]

[B]

A
[/E]

A/B
[/E]

A
[/E]

A/B
[/I]

A
[/E]

A/B
[/I]

S
[/E]

As can be seen from this example, the grammar derives strings in the same

order as the indexed grammar. It illustrates how Lambek grammars can be used

to assign non-regular structural descriptions, which are similar to non-regular

structural descriptions of indexed grammars.
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Now we establish an upper bound on the complexity of proof trees of the

Lambek calculus.

Theorem 3.33 The set of proof trees of the Lambek calculus is a context-free

tree language.

Proof. In order to accept the well-formed proof trees of the Lambek calculus,

we will construct a pushdown tree automaton. The basic idea of the automaton

is as follows. It starts reading the proof tree from the root. Whenever it

encounters an introduction rule, it guesses the shape of the possible place where

the assumption has been canceled.

The detailed pushdown tree automaton M = 〈Σ; Γ; Q; q0; Z0; ∆〉 is defined

thus

• Σ = {[=E]; [\E ]; [=I ]; [\I ]; [I D ]}

• Γ = {Z0; [E ]; [I ]; L; R}, with [E ] ∈ Γ2; L; R ∈ Γ1;∈ Γ0; [E ] will be used to

match against either [=E] or [\E ], L and R are used to mark the major

premise of [\E ] and [=E], respectively, finally [I ] will be used to match

against [I D ].

• Q = {q};

• q0 = q:

• ∆ =

q([\E ](u; v); Z0) → [\E ](q(u; Z0); q(v; L (Z0)))

q([=E](u; v); Z0) → [=E](q(u; R(Z0)); q(v; Z0))

the first two rules allow us to disregard any initial part of a proof which

consists solely of elimination rules, since it is not necessary to match elim-

ination rules to the leaves of the tree. Although elimination rules need not
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be matched to the leaves, the right argument of [\E ] and the left argument

of [=E] are marked with R and L above, respectively, in order to prohibit

applications of the form:

[\E ](x; [=I ](y))

[=E]([\I ](x); y)

which are illegal. When L or R are encountered, they are removed as

follows:

q([\E ](u; v); L (x)) → q([\E ](u; v); x)

q([=E](u; v); L (x)) → q([=E](u; v); x)

q([\E ](u; v); R(x)) → q([\E ](u; v); x)

q([=E](u; v); R(x)) → q([=E](u; v); x)

q([=I ](u); R(x)) → q([=I ](u); x)

q([\I ](u); L (x)) → q([\I ](u); x);

i.e. the automaton simply pops the marking of the stack, unless the right

argument of [\E ] is [=I ] or the left argument of [=E] is [\I ], in which case

the automaton fails; the same trick will be used to accept only normal

form trees.

When the first introduction rule is encountered, it is marked on the stack:

q([\I ](v); Z0) → [\I ](q(v; [E ]([I ]; [I ])))

q([=I ](v); Z0) → [=I ](q(v; [E ]([I ]; [I ]))):

These two rules express that if an introduction rule is encountered, there
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has to be either [\E ]([I D ]; [I D ]) or [=E]([I D ]; [I D ]), since [E ] will match

against either one, which captures the property that canceled elements

need to have been used in an elimination rule.

Now, any further use of an introduction uses the non-determinism. We

give the rules here only for [\I ], the ones for [=I ] are the same with \

changed to =:

q([\I ](v); [E ](x; y)) → [\I ](q(v; [E ]([I ]; [E ](x; y))))

q([\I ](v); [E ](x; y)) → [\I ](q(v; [E ]([E ](x; y); [I ])))

q([\I ](v); [E ](x; y)) → [\I ](q(v; [E ]([E ](x; [I ]); y)))

q([\I ](v); [E ](x; y)) → [\I ](q(v; [E ]([E ]([I ]; x); y)))

q([\I ](v); [E ](x; y)) → [\I ](q(v; [E ](x; [E ](y; [I ]))))

q([\I ](v); [E ](x; y)) → [\I ](q(v; [E ](x; [E ]([I ]; y)))):

Each of these rules is one possible guess how the elimination rules above

this introduction rule are arranged; e.g. each rule expresses that if the

root of the subtree that we are currently considering is [\I ] and another

introduction rule has been used below this one (since there is an [E ] rather

than Z0 on the stack), there must be at least one more application of [I D ]

above than we guessed so far and it can be in one of these six places.

However, it is possible to arrange the elimination rules in ways that cannot

be guessed by these six rules, e.g. the following legal top of a proof tree

could not be guessed:

[E ]([E ]([E ]([I ]; [I ]); [E ]([I ]; [I ])); [E ]([E ]([I ]; [I ]); [E ]([I ]; [I ])))

since the rules only have access to the root of the immediate subtrees of
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the root of the stack and can only add one [I D ] at each guess. In order

to allow to guess shapes like the above, we need to have rules that add

more than one [I D ] to the stack. However, this should only be allowed

if there is another introduction rule right below the one we are currently

considering, because we only need to guess that there are at least two

more applications of [I D ] than we had guessed so far, if there are at least

two applications of introduction rules. In order to check whether there is

another introduction below the root, we use the extended rules that were

introduced in proposition 3.19. We only give the rule for the case where

the two introduction rules are both [\I ], the three remaining cases are the

same:

q([\I ]([\I ](v)); [E ](x; y)) → [\I ](q(v; [E ](x; [E ]([E ]([I ]; [I ]); y))))

q([\I ]([\I ](v)); [E ](x; y)) → [\I ](q(v; [E ](x; [E ](y; [E ]([I ]; [I ])))))

q([\I ]([\I ](v)); [E ](x; y)) → [\I ](q(v; [E ]([E ]([E ]([I ]; [I ]); x); y)))

q([\I ]([\I ](v)); [E ](x; y)) → [\I ](q(v; [E ]([E ](x; [E ]([I ]; [I ])); y))):

Each of these rules allows to guess additional shapes of the top of the proof

tree provided that there are two introduction rules at the root. Note that

due to the non-determinism, even if there were two introduction rules at

the root, we could still use rules of the first kind above to guess the shape

of the top of the tree.

Finally, when eliminations are encountered after introductions, the follow-

ing rules are used:

q([\E ](u; v); [E ](x; y)) → [\E ](q(u; x); q(v; y))

q([=E](u; v); [E ](x; y)) → [=E](q(u; x); q(v; y))
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q([\E ](u; v); [I ]) → [\E ](q(u; [I ]); q(v; [I ]))

q([=E](u; v); [I ]) → [=E](q(u; [I ]); q(v; [I ]))

q([I D ]; Z0) → [I D ]

q([I D ]; [I ]) → [I D ];

the first two rules match [E ] with either [\E ] or [=E], the next two rules

express that if the root of the tree is an elimination rule and we have

matched all the canceled elements in this subtree (since there is an [I ] on

the stack), the same is true for the immediate subtrees. The last two rules

are accepting leaves of the tree if there are no more canceled elements to

match. This automaton would fail to accept if it came to a leaf with [E ]

still on the stack.

Corollary 3.34 The set of normal form proofs of the Lambek calculus is a

context-free tree language.

Proof. In addition to the rules that prohibit terms of the form

[\E ](x; [=I ](y))

[=E]([\I ](x); y);

we add rules that prohibit terms of the form

[\E ](x; [\I ](y))

[=E]([=I ](x); y)

and terms of the form

[=I ]([=E](x; [I D ]))
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[\I ]([\E ]([I D ]; y));

which correspond to � -redexes and � -redexes, respectively, using the same mark-

ing of the major premise, and, for � -normal form, add a marker for the minor

premise.

Again, after having considered the set of all proofs, we now turn to the set

of proofs used by a grammar.

Theorem 3.35 The set of normal form proofs used by a Lambek grammar is a

context-free tree language.

Proof. In order to establish this result, we will use the observation that the

number of different tracks occurring in a normal proof tree of a Lambek grammar

is finite. The set of terms built from these tracks is a regular set, since we can

use a regular tree grammar to combine these tracks according to the formulas

that label them. However, this set could include ill-formed proof trees.

In order to arrive at a set of well-formed proof trees, we intersect the set of

terms with the set of all normal form proof trees, which gives us a context-free

set. However, this does not complete the construction. Although every proof

tree in the intersection is well-formed, there could be well-formed proof trees

in the intersection that include uncanceled assumptions that are not assigned

to any terminal symbol, in which case the proof tree could not be used by the

grammar.

In order to arrive at only the well-formed proof trees that can actually be

used in the grammar, we can modify the pushdown automaton that accepts

the intersection as follows. Since there are only finitely many tracks, we can

mark those that have a top formula that needs to be canceled because it is not

assigned to any terminal. When the automaton checks the well-formedness of
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the tree, we also add a condition on the stack that the leaf that is on the top of

that track is actually canceled.

Example 3.36 The above theorem is best illustrated by an example. Consider

the grammar defined in theorem 3.31:

a : S;

S=(A=A);

S=(S=(A=A)):

The tracks of the normal form proofs of this grammar are

A

A=A
A

[=E]

A=A
A

[=E]

A=A
[=I ]

S=(A=A)

S
[=E]

S=(A=A)
[=I ]

S=(S=(A=A))

S
[=E]

S=(A=A)
[=I ]
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S=(S=(A=A))

S
[=E]

The set of terms built from these tracks is generated by the following regular

tree grammar:

A → [I D ]

A → [=E]([I D ]; A)

A=A → [=I ](A)

S=(A=A) → [=I ]([=E]([I D ]; A=A))

S=(A=A) → [=I ]([=E]([I D ]; S=(A=A)))

S → [=E]([I D ]; S=(A=A))

This grammar also generates terms in which more hypotheses are canceled

than are present and terms in which occurrences of A=A are not canceled. The

trees of the first kind are removed by intersecting the language generated by this

grammar with the set of all normal form proof trees. The trees of the second

kind can now be removed by changing the pushdown automaton that accepts

the intersection language by introducing markers that are used to ascertain that

tracks with A=A on top are canceled.

The fact that there are non-regular proof tree languages that can be assigned

as structures by Lambek grammars should be compared with Rogers (1998)

results on the strong generative capacity of Government and Binding theory.

Rogers shows that large portions of Government and Binding theory can be

defined in a second-order logic that is equivalent to the monadic second-order

logic of multiple successor functions (SnS). It is well-known that SnS can only

define regular tree languages (cf. Gécseg and Steinby, 1997). Thus, there are

tree languages that Lambek grammars can assign to string languages that no
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Government and Binding grammar (as formalized by Rogers) can assign. The

question in what logic the proof trees of Lambek grammars are definable is

currently open.

3.5 Pro of Trees of Non-Asso ciativ e Lam bek Grammars

We consider the proof tree languages of non-associative Lambek grammars after

considering those of associative Lambek grammars because the former observe

certain regularities that the latter do not observe, which is better illustrated

after having seen some examples of proof tree languages of associative Lambek

grammars.

In order to study the proof trees of non-associative Lambek grammars, we

need to consider partial trees that consist only of tracks, which we define induc-

tively.

Definition 3.37 Any single track is an incomplete proof tree. Putting a track

that ends in some formula A into an incomplete proof tree as the minor premise

of an application of [=E] or [\E ], respectively, results in an incomplete proof tree,

provided that the major premise of the application is B =A or A\B , respectively,

for some B .

Definition 3.38 An incomplete proof tree is saturated if every occurrence of

[\I ] or [=I ] in the tree has a corresponding leaf in the tree that it cancels.

Definition 3.39 A saturated incomplete proof tree t is minimal if it is a track

with no occurrences of introduction rules or an incomplete proof tree with occur-

rences of introduction rules, such that removing any subtree that is an incomplete

proof tree would cause t to be not saturated.

The useful property of saturated incomplete proof trees is that they function

just like tracks of proofs of classical categorial grammars. In fact, any track
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of a proof tree of a classical categorial grammar is (vacuously) saturated and

minimal. This means that placing any well-formed incomplete proof tree of the

grammar that ends in some formula A into a saturated incomplete proof tree

as the minor premise of an application of [=E] or [\E ], respectively, results in

an incomplete proof tree, provided that the major premise of the application is

B =A or A\B , respectively, for some B .

Theorem 3.40 The number of minimal, saturated incomplete proof trees to

which a track in a normal form proof tree of the non-associative Lambek gram-

mar can be extended is finite.

Before proving the theorem, we give an example of an associative Lambek

grammar in which some tracks determine infinitely many minimal, saturated

incomplete proof trees.

Example 3.41 Consider the grammar given in theorem 3.31:

a : S;

S=(A=A);

S=(S=(A=A))

The following track that is used in proofs for this grammar has infinitely many

minimal, saturated incomplete proof trees:

S=(S=(A=A))

S
[=E]

S=(A=A)
[=I ]

since it can be used as a minor premise of itself. The number of times that the

track is used as its own minor premise determines the number of A=A’s that

need to be at the top of the tree in order to make the tree saturated.
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The main observation of this theorem is that this cannot happen in a non-

associative Lambek grammar, because applications of introduction rules in a

track determine the shape of the minor premises of the elimination rules and

the elimination rules used in the track.

Now we prove theorem 3.40.

Proof. Let t be a track in a normal form proof of the non-associative Lambek

grammar. Note that by theorem 2.30, the set of proof trees of a non-associative

Lambek grammar contains only finitely many different tracks. Suppose that t

has n applications of introduction rules and m application of elimination rules.

Let us denote by [I ]i the i -th application of an elimination rule in the track

(starting at the root of the tree), and by [E ]i the i -th application of an elimi-

nation rule in the track (starting after [I ]n). We prove the theorem by cases.

1. n = 0. Then t does not contain any introduction rules, and t is, by

definition, minimal and saturated.

2. 0 < n < m. First note that for all i ≤ n, if [I ]i = [=I ], then [E ](n−i)+1 =

[=E], and if [I ]i = [\I ], then [E ](n−i)+1 = [\E ]. To prove this, suppose

[I ]n = [=I ]. Now suppose that [E ]1 = [\E ]. Since n < m, there is at least

an [E ]2 above [E ]1:

C\A
[E ]2

A
[\E ]

A=B
[=I ]

Regardless of whether [E ]2 is [=E] or [\E ], this is not a part of a legal

track in a proof tree of the non-associative Lambek calculus, since [I ]n

cancels from inside the application of [E ]2. The same argument holds

when [I ]n = [\I ], and for all [I ]i, for i ≤ n.

The second observation is that any proof trees that can be placed as the

minor premise of [E ]i; i ≤ n has to be either a single formula or a proof
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tree with exactly one uncanceled assumption. To prove this, suppose

[I ]n = [=I ]. Therefore, [E ]1 = [=E], and for some A; B ; C, we have that

A=C
A

[=E]

A=B
[=I ]

:

Note that B cannot be equal to C, by � -normality. Also, any complex

proof tree that can be placed into this track as the minor premise of A=C

has to have exactly one uncanceled assumption. For suppose that we could

place a tree
D : : : B....

C

into the track as a minor premise of A=C, then we could not cancel B

by non-associativity. The same argument holds for the other applications

of introduction rules, except that there is no restriction on having single

formulas as the minor premises, as canceling them from higher up in the

tree does not violate normality.

Therefore, the proof trees that can be put in as the minor premises that

are canceled are either single atomic formulas or proof trees with exactly

one free assumption. Furthermore, t completely determines both the un-

canceled assumption and the conclusion of these proof trees, since they

have to end in a formula that can be the minor premise of the elimination

rule, and, since their assumption is canceled, the assumption has to be

the formula that is canceled. By theorem 2.25, any sequent has a finite

number of distinct normal form proofs in the Lambek calculus, therefore,

there are only finitely many different incomplete proof trees to which t

can be extended by placing incomplete proof trees into t, so that every

application of an introduction rule has a corresponding leaf it cancels.
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3. n = m. Then for all i < n, if [I ]i = [=I ], then [E ](n−i)+1 = [=E], and

if [I ]i = [\I ], then [E ](n−i)+1 = [\E ], by the same argument as in the

previous case.

Furthermore, the proof trees that can be placed as the minor premise of

[E ]i; i < n have to be either a single formula or a proof tree with exactly

one uncanceled assumption, and [I ]n cancels either the top formula of the

track or it cancels the only uncanceled premise of the minor premise, i.e. if

[I ]n does not cancel the top formula of the track, then the minor premise

of the top formula has to be either a single formula or a proof tree with

exactly one canceled assumption. The argument for [I ]i; i < n, is the same

as the argument for the previous case. For [I ]n, it is clear that it has to

cancel either the top formula of the track or the only uncanceled assump-

tion of the minor premise of the top formula. Suppose that the highest

application of an elimination rule is [=E]. Then, if the last application

of an introduction rule is [\I ], it cancels the top formula of the track,

because every previous application of an introduction rule canceled either

the only uncanceled assumption of each minor premise of each elimination

rule below the top formula or the minor premise itself, and there are an

equal number of applications of elimination and introduction rules. The

same argument holds if the highest application of an introduction rule is

[\E ], and the last application of an introduction rule is [=I ]. If the first

and last rules are [=E] and [=I ] or [\E ] and [\I ], respectively, then the

same argument as in case 2 holds.

In order to complete t to a minimal saturated proof tree, we can proceed

as in the previous case until we come to the last introduction rule. If it

cancels the top formula, we are done. Otherwise, the same argument as

in case 2 works.
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4. 0 < m < n, then for all i < m, if [I ]i = [=I ], then [E ](n−i)+1 = [=E],

and if [I ]i = [\I ], [E ](n−i)+1 = [\E ]. Again, the proof trees that can

be placed as the minor premise of [E ]i; i < m have to be either a single

formula or a proof tree with exactly one uncanceled assumption, using the

same argument as in the previous case. Furthermore, [I ]m cancels the top

formula of the track, since, by non-associativity, the introduction rules can

only cancel from inside the minor premise of the top formula of the track

after the top formula has been canceled.

Now, suppose that t can be extended to infinitely many different minimal,

saturated, incomplete proof trees. Note that this cannot be caused by hav-

ing infinitely many different tracks ending in the same formula, as pointed

out above. By the previous observations, it is clear that it is only possible

for t to be extendible to infinitely many different minimal, saturated, in-

complete proof trees by placing tracks containing more introductions than

eliminations either as the minor premise of the top formula of t or as the

minor premise of the top formula of a track which has been used to extend

t. That is to say, the only way that t can be extended in infinitely many

different ways is if it is possible to extend t with arbitrarily many tracks

containing more introductions than eliminations, each of which ends in a

formula which is the minor premise of a top formula of a track which has

been used to extend t. However, this is impossible, since by the previous

observation any such track cancels its own top formula, thereby making

the conclusion strictly more complex than the top formula (since a track

cannot have eliminations after introductions). The top formula of t is ei-

ther equal to A=B or B\A, for some A; B depending on whether the first

elimination rule is [=E] or [\E ]. If it were possible to extend t with ar-

bitrarily many tracks using more introduction than elimination rules, the
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formula B would have to be of arbitrary complexity, since each additional

track using more introduction than elimination rules strictly increases the

complexity of the last formula in the track that is placed in as the minor

premise of t. Thus, the number of tracks containing more introductions

than eliminations is bounded by B and thus finite. Each track containing

less introductions than eliminations that can be used to extend t is subject

to the same restrictions as described above. The introduction rules in t

that cancel outside of t determine the elimination rules and the shape of

their minor premises in the same way.

Theorem 3.42 The set of normal form proofs of any fixed non-associative

Lambek grammar is a regular tree language.

Proof. Given the observations in theorems 3.40 and 2.30, we know that the

normal form proof trees of non-associative Lambek grammars have finitely many

tracks, each of which can be extended to finitely many minimal, saturated,

incomplete proof trees. As was mentioned above, once we have extended a track

to a minimal, saturated, incomplete proof tree, we can treat it as if it were a

track consisting only of elimination rules, since it no longer contains applications

of introduction rules that can determine how many uncanceled assumptions a

tree that can be placed into this track has to have. Thus, we can prove this

theorem just like theorem 3.25, i.e. we can treat the formulas on the tracks as

the non-terminals of the regular tree grammar. The only difference is that we

first extend each track to a minimal, saturated, incomplete proof tree.

3.6 A Categorial Hierarc hy

Using trees labeled with formulas changes some of the formal properties of proof

tree languages, as can be seen by the following example. Although the derivation
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trees of classical categorial grammars are always regular tree languages over Σ,

they need not be local tree languages.

Example 3.43 The following classical categorial grammar has a non-local set

of derivation trees:

a : S=A; A=B ; B :

The proof tree language associated with this grammar contains exactly one term:

[=E](c; [=E](c;c))

Thus, the term [=E](c;c) is not in the proof tree language, but

r oot([=E](c; [=E](c;c))) = r oot([=E](c;c)) = [=E]

and

f ork([=E](c;c)) = {〈[=E]; c;c〉} ⊆ f ork([=E](c; [=E](c;c))):

Thus, this language is not local.

However, this situation changes if we consider proof trees to be labeled with

formulas. We avoided using formulas as labels, as that makes it impossible

to consider the proof tree languages of all Lambek grammars as being term

languages over the same signature.

Theorem 3.44 For any classical categorial grammar G, the set of proof trees

of G labeled with formulas is a local tree language.

Proof. A proof tree of any classical categorial grammar has to have the gram-

mar’s distinguished category as its root and has to have as its forks:

〈A; A=B ; B 〉
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and

〈A; B ; B\A〉:

Theorem 3.45 The normal form proof tree languages of non-associative Lam-

bek grammars labeled with formulas are regular tree languages.

Proof. Note that in the proof of theorem 3.42, we used the construction of

theorem 3.25. This construction can be changed to label trees with formulas by

treating the formulas both as the non-terminals of the tree grammar and as the

labels of the tree.

Theorem 3.46 There exist non-associative Lambek grammars G, such that the

set of normal form proof trees associated with G is not local.

Proof. Consider the following non-associative Lambek grammar:

a : S=(B =A)

b : (B =(C=(A\C)))=(C=(A\C))

c : A=A; A

which generates the language abc+.

The following is a derivation for abc, where we abbreviate C=(A\C) with

AC :

S=(B =A)

(B =AC)=AC

A [A\C]

C
[\E ]

AC
[=I ]

B =AC
[=E]

[A] [A\C]

C
[\E ]

AC
[=I ]

B
[=E]

B =A
[=I ]

S
[=E]
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and the following is a derivation for abcc:

S=(B =A)

(B =AC)=AC

A=A A
A

[=E]
[A\C]

C
[\E ]

AC
[=I ]

B =AC
[=E]

[A] [A\C]

C
[\E ]

AC
[=I ]

B
[=E]

B =A
[=I ]

S
[=E]

However the following tree is not in the language, as it is not a well-formed

proof tree of the non-associative Lambek calculus:

S=(B =A)

(B =AC)=AC

A [A\C]

C
[\E ]

AC
[=I ]

B =AC
[=E]

A=A [A]

A
[=E]

[A\C]

C
[\E ]

AC
[=I ]

B
[=E]

B =A
[=I ]

S
[=E]

because the rightmost occurrence of A cannot be canceled. However, the root

and the fork of this tree are the same as the root and the fork of the previous

tree. Therefore, the tree language is not local.

Finally, there are non-regular proof tree languages of associative Lambek

grammars labeled with formulas, since the proof of theorem 3.31 holds for proof

trees labeled with formulas. Furthermore, the upper bound on normal proof

tree languages of associative Lambek grammars holds for those labeled with

formulas as well, as context-free tree languages are closed under relabeling (see

Rounds, 1970).

Therefore, although all three formalisms generate the same class of string

languages, there is a genuine hierarchy with respect to the strong generative
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capacity of these formalisms.

3.7 Conclusion

Grammar Formalism Complexity of Proof Tree Language

Classical Categorial Grammar local
non-associative Lambek Grammar regular
associative Lambek Grammar context-free

Figure 1: Complexity of normal proof tree languages labeled with formulas

Grammar Formalism Complexity of Proof Tree Language

Classical Categorial Grammar regular
non-associative Lambek Grammar regular
associative Lambek Grammar context-free

Figure 2: Complexity of normal proof tree languages labeled with rules of in-
ference

The main conclusion of this chapter is that although, by Pentus’ theorem,

the languages generated by Lambek grammars coincide with the context-free

languages, Lambek grammars can assign structures to languages that could not

be assigned by context-free grammars. Given that the assignments of meanings

to strings are determined on the basis of the proof structure, it implies that,

although the Lambek calculus generates the same languages as context-free

grammars, context-free grammars could not be used to assign the same mean-

ings compositionally to strings as the Lambek calculus. However, the complexity

of syntactic structures generated by Lambek grammars does not extend that of

indexed grammars, which are considered an upper bound of the complexity of

natural languages (cf. Gazdar, 1988; Gazdar and Pullum, 1985). Furthermore,

using proof trees as structural descriptions of generated strings does not suf-

fer from the same defects as the structures determined by proofs according to
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Buszkowski’s definition; they can be used to assign meaning compositionally

and they are not structurally complete.

The results of this chapter are summarized in figures 1 and 2.



4 The Lambek Calculus and Type Theory

In this chapter, we concentrate on the type theoretic aspects of the Lambek

calculus, which is the one used for a semantics of languages generated by Lambek

grammars following the tradition of Montague grammar. The main purpose of

this chapter is to solve the counting problem for the Lambek calculus: to find

a procedure that for any sequent Γ ` A returns the number of different proofs

of Γ ` A. Providing such a function is among the open problems listed in van

Benthem (1995).

By the correspondence between proofs and typed � -terms, the number of

proofs corresponds to the degree of ambiguity of an expression. The question

of how many different normal form proofs an expression has is related to the

so-called “spurious ambiguity” question investigated by Hendriks (1993). “Spu-

rious ambiguity” refers to the fact that two different cut-free sequent calculus

proofs may correspond to the same � -term, therefore, if the sequent calculus is

used for syntactic representation, different syntactic representations may cor-

respond to the same meaning. From a computational point of view, only one

of these syntactic representations should have to be generated. Hendriks solves

this problem by providing a version of the sequent calculus in which every two

different cut-free proofs correspond to different � -terms. However, since we

are considering natural deduction proofs as syntactic representations, spurious

ambiguity arises only when non-normal proof trees are considered.6

4.1 Lam bek Semantics: The Curry-Ho ward Isomorphism

As was mentioned in the introduction, one of the first applications of proof the-

oretical grammars for the study of natural language was to make use of their

6For a discussion of the relation between cut-elimination and normalization, cf. Pottinger
(1977), Zucker (1974) in the context of intuitionistic logic and Wansing (1993) for the Lambek
calculus.

83
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connection to typed � -calculi for the study of natural language semantics. It

was first noted by Curry that the typing rules of the simply typed � -calculus

behave exactly like the rules of inference of the implicational fragment of intu-

itionistic logic (cf. Curry and Feys, 1958). Since the Lambek calculus lacks the

structural rules of intuitionistic logic, its proofs are isomorphic to a restricted

set of � -terms, rather than the full simply typed � -calculus. It was shown by

van Benthem (1995) that the terms to which deductions in the Lambek calculus

can be mapped satisfy the following three properties:

• every � -abstraction binds at most one variable,

• every � -abstraction binds some variable,

• every subterm contains a free variable.

It is known that the first property corresponds to the absence of contraction and

the second to the absence of weakening (cf. Hindley, 1997). The third property

is due to the special side condition on Lambek calculus deductions, disallowing

deductions of the form:

` A:

Two different type systems have been proposed for the study of these terms.

The first was van Benthem’s commutative type system, which is undirected,

i.e. the distinction between the two implications = and \ is collapsed into one

implication: →. This system, without the third side condition above, is also

known as BCI, because of its correspondence to the combinators B ; C and I

(see Hindley, 1997). The assumption on which the use of an undirected system

for the study of semantics is based is that the direction from which a function

takes its argument in syntax does not matter for semantics. However, we also

do not have isomorphism between proofs and terms, and therefore cannot use

semantic information for the syntactic side.
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Buszkowski and Wansing studied a directed type system which is isomorphic

to the associative Lambek calculus. For this purpose they introduced two types

of � -abstraction: left-looking and right-looking (denoted by � < and � >, respec-

tively).7 Using this system, the above properties of � -terms can be refined as

follows (Wansing, 1993):

• an occurrence of � > binds the rightmost free variable,

• an occurrence of � < binds the leftmost free variable.

We will also consider this system, mainly because, due to the isomorphism, we

can use results about the type theoretic aspects of the Lambek calculus for its

proof theoretic study.

Wansing’s study concentrated on Church style typing of bi-directional � -

terms, i.e. on terms that already are typed. We are here concentrating on type

assignment or Curry style typing, i.e. on supplying untyped terms with a type, if

they are typeable. Therefore, we need to distinguish two types of applications,

in addition to the two versions of abstraction, depending on the position of

the functor with respect to its argument, denoted by ( )>, and ( )<; the

first being application of the left term to the right term and the second being

application of the left term to the right term.

The terms of the bi-directional � -calculus are defined analogously to the

terms of the undirected � -calculus.

Definition 4.1 The untyped terms of the linear bi-directional � -calculus (� /,\)

are defined by:

• every variable x is a term,

• if M is a term and x is variable occurring free in M and there is a free

variable in M other than x, then � >x:M and � <x:M are terms,

7The notation used here is not that of Buszkowski or Wansing, but is inspired by Polakow
and Pfenning (1999).
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• if M and N are terms with no free variables in common, then (M N )>

and (M N )< are terms.

The distinction between two kinds of application is necessary, since, if we

consider an untyped term, e.g.

((� >x:xy ) (� <x:zx))

we would not be able to tell which term is applied to which. However, in a

Church style type theory for these terms, the two versions of application are not

necessary.

Definition 4.2 Types are formulas built from a countable set of type variables

(a; b;c; : : :) using the connectives \ and = in the case of the bi-directional calculus

(or the connective → in the case of the simply typed � -calculus).

The type assignment for the simple typed � -calculus is defined as follows.

Definition 4.3

x : A [I D ]

M : B → A N : B
M N : A

[→ E ]

[x : B ]
....

M : A
�x:M : B → A

[→ I ]

The type assignment calculus for the bi-directional version closely resembles

this version. The following rules constitute the type assignment system of the

Lambek calculus:

Definition 4.4

x : A [I D ]
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M : A=B N : B

(M N )> : A
[=E]

M : B N : B\A

(M N )< : A
[\E ]

[x : B ]
....

M : A
� >x:M : A=B

[=I ]

[x : B ]
....

M : A
� <x:M : B\A

[\I ]

Note: In the rules [\I ] and [=I ], x : B has to be the leftmost or rightmost

uncanceled hypothesis in the tree, respectively, and there has to be another un-

canceled hypothesis besides x : B .

Definition 4.5 A typing deduction, or simply deduction, is a proof tree in

which every node is labeled with a pair consisting of a term and a type. We say

that a typing deduction Π is a typing deduction of

x1 : A1; : : : ; xn : An ` M : B

if Π ends with M : B and the uncanceled assumptions of Π are x1 : A1; : : : ; xn :

An. In the contexts of deductions, Γ and ∆ range over sequences of assignments

of types to variables.

Example 4.6 The following is a typing deduction of

x : a=b;y : b=c;z : (a=c)\d ` (� >w:(x(yw)>)>z)< : d:

x : a=b

y : b=c [w : c]

(yw)> : b
[=E]

(x(yw)>)> : a
[=E]

� >w:(x(yw)>)> : a=c
[=I ]

z : (a=c)\d

(�w >:(x(yw)>)>z)< : d
[\E ]
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Terms determine their typing deductions in the following way:

Proposition 4.7 (Subject Construction) Let Π be a typing deduction of Γ `

M : A.

• If M = x, then Γ = x : A, and Π consists only of one application of [I D ].

• If M = (PQ)>, then

Γ = x1 : A1; : : : ; xn : An;

Π =

Π1 Π2

(PQ)> : A
[=E]

such that Π1 is a typing deduction of Γ1 ` P : A=B , for some B , Π2 is a

typing deduction of Γ2 ` Q : B ,

Γ1 = x1 : A1; : : : ; xi : Ai

Γ2 = xi+1 : Ai+1; : : : ; xn : An;

where Γ1 consists of the variables occurring free in P and Γ2 consists of

the variables occurring free in Q.

If M = (PQ)<, then

Γ = x1 : A1; : : : ; xn : An;

Π =

Π1 Π2

(PQ)< : A
[\E ]

such that Π1 is a typing deduction of Γ1 ` P : B , Π2 is a typing deduction

of Γ2 ` Q : B\A, for some B

Γ1 = x1 : A1; : : : ; xi : Ai
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Γ2 = xi+1 : Ai+1; : : : ; xn : An;

where Γ1 consists of the variables occurring free in P and Γ2 consists of

the variables occurring free in Q

Γ1 = x1 : A1; : : : ; xi : Ai

Γ2 = xi+1 : Ai+1; : : : ; xn : An:

where Γ1 consists of the variables occurring free in P and Γ2 consists of

the variables occurring free in Q

• If M = � <x:P , then A must be of the form C\B , for some B ; C,

Γ = x1 : A1; : : : ; xn : An

and the last step of Π must be an application of [\I ]:

Π1

� <x:P : C\B
[\I ]

where Π1 is a deduction of

x : C; Γ ` P : B :

• If M = � >x:P then A must be of the form B =C, for some B ; C,

Γ = x1 : A1; : : : ; xn : An
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and the last step of Π must be an application of [\I ]:

Π1

� >x:P : B =C
[=I ]

where Π1 is a deduction of

Γ; x : C ` P : B :

Proof. The proof is the same as the one for the simply typed � -calculus. See

Hindley (1997).

Corresponding to the same notions in the case of the undirected calculus,

we define � -conversion and � -conversion as follows:

Definition 4.8 A term M � -converts to a term N , →β if either

M = ((� >x:M ′) N ′)>

N = M ′[x 7→ N ′]

or

M = (N ′ (�x:M ′))<

N = M ′[x 7→ N ′]:

A term M � -converts to a term N , →η, if either

M = � >x:(M ′x)>

N = M ′
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or

M = � <x:(xM ′)<

N = M ′:

The relation of � -� -reduction, →βη, is the transitive closure of the union of →β

and →η.

The notions of � -normal form and � -normal form for the bi-directional � -calculus

are defined as follows:

Definition 4.9 A bi-directional � -term is in � -normal form if none of its sub-

terms are of the form

(� >x:M N )>; (N � <x:M )<:

A bi-directional � -term is in � -normal form if none of its subterms are of the

form

� >x:(M x)>; � <x:(xM )<:

A bi-directional � -term is in � -� -normal form if it is in � -normal form and in

� -normal form.

Definition 4.10 Two terms are � -equivalent, =α, if one can be obtained from

the other by renaming bound variables. In the following, we will treat two � -

equivalent terms as identical.

Typed terms are related to proofs in the Lambek calculus by the Curry-

Howard correspondence:

Proposition 4.11 (Curry-Howard isomorphism for the Lambek calculus) The
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sequent

A1; : : : ; An ` B

is provable in the Lambek calculus iff for all distinct variables x1; : : : ; xn, there

is a term M , such that

x1 : A1; : : : ; xn : An ` M : B ;

furthermore there is a unique M in � -� -normal form for each normal form

natural deduction and vice versa.

Proof. See Wansing (1993).

Applications of this correspondence for the study of natural language se-

mantics can be found in van Benthem (1995), Hendriks (1993), and Carpenter

(1997).

4.2 Principal T yp es of The Lam bek Calculus

We will now investigate type assignment systems for the bi-directional typed � -

calculus. The main purpose of this chapter is to prove the principal type theorem

for the bi-directional � -calculus. Principal type theorems for type assignment

systems state that every term M typeable in that system has a principal type,

a principal pair, and a principal deduction, which are defined below.

Definition 4.12 A (type-)substitution is a function

� = {a1 7→ A1; : : : ; an 7→ An}

from type variables to types, such that

1. � (ai) = Ai
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2. � (b) = b, if b is a type variable and b 6= ai for all i .

3. � (A=B ) = � (A)=� (B )

4. � (A\B ) = � (A)\� (B ).

Type-substitutions are extended to deductions Π:

1. if Π = x : A; � (Π) = x : � (A).

2. if Π =
Π1 Π2

(M N )> : A
=E

;

then � (Π) =
� (Π1) � (Π2)

(M N )> : � (A)
=E

:

3. if Π =
Π1

� >x:M : A=B
=I

;

then � (Π) =
� Π1

� >x:M : � A=B
=I

:

The clauses for [\E ] and [\I ] are exactly the same.

Proposition 4.13 If Π is a typing deduction of

x1 : A1; : : : ; xn : An ` M : B ;

then � (Π) is a well-formed typing deduction of

x1 : � (A1); : : : ; xn : � (An) ` M : � (B ):

Proof. Straightforward induction on the height of typing deductions.
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Definition 4.14 A principal type of a term M is a type A, such that for some

Γ,

Γ ` M : A

and for all B , such that for some ∆,

∆ ` M : B

there is a substitution � , such that � (A) = B .

A principal pair of a term M is a pair 〈Γ; A〉, such that

Γ ` M : A

and for all other pairs 〈∆; B 〉, such that

∆ ` M : B ;

there is a substitution � , such that � (Γ) = ∆ and � (A) = B .

A principal deduction for a term M is a deduction Π of a sequent Γ ` M : A,

such that any other deduction Π′ which proves ∆ ` M : B , for some ∆; B , there

is a substitution � , such that � (Π) = Π′.

Contrary to the simply typed � -calculus where every type that can be as-

signed to some term is the principal type of some term,8 only a subset of the

types assignable to terms in the Lambek calculus are principal in this sense. In

this chapter we show that the principal types of terms of the Lambek calculus

have the following 2-property.

Definition 4.15 A type A has the 2-property if every type variable that occurs

in A occurs exactly twice. A pair 〈Γ; A〉 has the 2-property if every type variable

8SeeHindley (1997); this is the so-called converse principal type theorem.
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that occurs in Γ or A occurs exactly twice in the entire list 〈Γ; A〉.

Example 4.16 The following are examples of pairs with the 2-property:

a=b;b=c;(a=c)\d ` d

a=(b\c); (b\d)=e;(d=e)\c ` a

a=(e\f ); (e\f )=c;(a=c)\d ` d

where ` is used to separate the types of the assumptions from the type of the

conclusion. However, the following pair does not have the 2-property

b=a;a=b` b=b

as b occurs four times in this pair.

Formulas and pairs with the 2-property were first studied by Jaśkowski

(1963). Their importance was later realized in the context of category the-

ory, which is expressed by coherence theorems for a variety of categories. For

residuated categories, which are the category theoretic analog of the Lambek

calculus in the same way that cartesian closed categories are of intuitionistic

logic, Lambek proved the following coherence theorem.

Theorem 4.17 (Lambek) Let 〈Γ; A〉 have the 2-property. Let M ; N be in � -� -

normal form. If

Γ ` M : A

and

Γ ` N : A;

then M =α N . This theorem is also referred to as the “coherence theorem for

residuated categories.”
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Proof. See Lambek (1968). To be precise, Lambek’s paper is not actually

concerned with natural deduction, but with the sequent calculus. The fact

that the categorial identities coincide with (the equivalence relation generated

by) normalization was noted by Mann (1975). A detailed proof can be found

in Troelstra and Schwichtenberg (1996) and the same methods used there (for

cartesian closed categories) can be employed here (for residuated categories).

Also see Szabo (1978) or Lambek and Scott (1988) for a detailed description of

the relationship between proof theory and category theory.

4.2.1 The Principal Type Algorithm

In this section, we introduce the principal type algorithm for the Lambek cal-

culus, which uses unification of types:

Definition 4.18 Let A and B be types. A substitution � is a unifier of A and

B , if � (A) = � (B ). A unifier, � , is a most general unifier of A and B , if for

any other unifier, � , of A and B there is a a substitution � , such that � = � ◦ � ,

i.e. � (C) = � (� (C)).

. We will use � to denote the empty substitution, i.e. the substitution with

an empty domain.

The unification algorithm uses the notion of a disagreement pair. The easiest

way to define disagreement pairs is to consider the types to be tree-like.

Definition 4.19 Let A and B be two types. A disagreement pair for A and B

is a pair of subterms of A and B , A ′; B ′, such that A ′ 6= B ′ and the path from

the root of A to the root of A ′ is equal to the path from the root of B to the root

of B ′.

The following non-deterministic version of the unification algorithm is taken

from Fitting (1996).
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Definition 4.20 The unification algorithm: input: two types A; B intended out-

put: a most general unifier of A; B or a correct statement that A and B are not

unifiable.

Let � := �

While � (A) 6= � (B ) do

begin

choose a disagreement pair, A ′; B ′ for � (A); � (B );

if neither A ′ nor B ′ is a variable, then FAIL;

let x be whichever of A ′; B ′ is a variable (if both are, choose one)

and let C be the other one of A ′; B ′

if x occurs in C, then FAIL;

let � := � ◦ {x 7→ C};

end.

For the simply typed � -calculus, the principal type theorem was proved by

Hindley.

Theorem 4.21 Every typeable term M has a principal type, a principal pair,

and a principal deduction.

Proof. The theorem was proven by Hindley in 1969, see the discussion in

Hindley (1997).

This theorem is proved by providing an algorithm that either assigns to any

term M a principal deduction (which, of course, contains the principal type

and the principal pair) or terminates with the correct statement that M is not

typeable. We will give such an algorithm here for � /,\.

An interesting observation about the terms of the bi-directional � -calculus
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is that there are untypeable terms in this system, e.g.

((� <x:(xy)>)(� >x:(xz)<))>

is not typeable, as

� <x:(xy)>

needs to take its argument from the left. On the other hand, it has been

shown that all terms in the system arising from replacing directed abstraction by

regular abstraction and directed application by regular application are typeable

(Hindley, 1997; van Benthem, 1995), i.e. that every term in which every � -

abstraction binds exactly one variable is typeable.

Principal Type Algorithm for � /,\.

We follow closely Hindley’s principal type algorithm for � →. Only those

justifications for the cases are provided here that are particular to the Lambek

calculus; for other justifications, see Hindley (1997).

Input: A bi-directional � -term M

Intended Output: A principal deduction with principal pair for M or a cor-

rect statement that M is not typeable.

Case 1: M ≡ x. Output x : a ` x : a, for some type variable a:

Case 2: M ≡ � >x:P . Let the free variables of M be x1; : : : xn. Apply the

algorithm to P . If P is not typeable, then neither is M . If P is typeable, the

algorithm returns a principal deduction ∆P ,

x1 : A1; : : : ; xn : An ` P : B :

If M is not � -equivalent to � >xn:P , then M is not typeable, by the subject

construction theorem (theorem 4.7). If it is, then the principal deduction of P
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is

x1 : A1; : : : ; xn−1 : An−1 ` � >xn:P : B =An:

Case 3: M ≡ � <x:P . This case is parallel to case 2.

Case 4: M ≡ (PQ)>. Apply the algorithm to P and Q. If either is not

typeable, then neither is M . If both are typeable, then the algorithm returns

principal deductions for P and Q, ∆P and ∆Q. First we rename the type-

variables in ∆P and ∆Q, to ensure that they do not have any type-variables in

common, so that:

∆P = x1 : A1; : : : ; xn : An ` P : A

∆Q = y1 : B1; : : : ; yk : Bk ` Q : B

Note that all the xi’s and yk’s are distinct. There are three cases to consider,

depending on the shape of A:

Case 4.1: A ≡ � 1\� 2, for some � 1; � 2. Then M is not typeable, by the

definition of principal type.

Case 4.2: A ≡ � 1=�2, for some � 1; � 2. Apply the unification algorithm to � 2

and B . If they are not unifiable, then M is not typeable. If they are unifiable,

then the unification algorithm returns a most general unifier � . Apply � to ∆P

and ∆Q, to obtain:

� (∆P ) = x1 : � (A1); : : : ; xn : � (An) ` P : � (� 1=�2)

� (∆Q) = y1 : � (B1); : : : ; yk : � (Bk) ` Q : � (B ):

Since � (� 2) = � (B ), we can apply [=E] to obtain the principal deduction for M :

x1 : � (A1); : : : ; xn : � (An); y1 : � (B1); : : : ; yk : � (Bk) ` (PQ)> : � (� 1):
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Case 4.3: A ≡ a, for some type-variable a. Let c be a variable not occurring

in ∆P or ∆Q. Apply the unification algorithm to a and c=B. If they are not

unifiable, then M is not typeable. If they are unifiable, then the unification

algorithm returns a most general unifier � . By the definition of � ,

� (a) = � (c=B) = � (c)=� (B );

therefore, applying � to ∆P and ∆Q gives us:

� (∆P ) = x1 : � (A1); : : : ; xn : � (An) ` P : � (c)=� (B )

� (∆Q) = y1 : � (B1); : : : ; yk : � (Bk) ` Q : � (B );

and applying rule [=E] gives us:

x1 : � (A1); : : : ; xn : � (An); y1 : � (B1); : : : ; yk : � (Bk) ` (PQ)> : � (c):

Case 5: M ≡ (PQ)<. This case is parallel to case 4.

This completes the principal type algorithm. In order to prove correctness of

this algorithm, note that we can follow the proof in Hindley (1997); we only have

to add justifications for the cases that are particular to the Lambek calculus,

which are provided in their description above.

Example 4.22 The typing deduction given in example 4.6 is a principal de-

duction.

We will use the characterization of the principal pairs of BCI to show that

the principal pairs of the Lambek calculus have the 2-property.

Definition 4.23 We define a map f from the directed � -terms to the undirected
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� -terms and a map g from directed types to undirected types:

f (x) = x

f (� <x:M ) = �x:f (M )

f (� >x:M ) = �x:f (M )

f ((M N )>) = f (M )f (N )

f ((M N )<) = f (N )f (M )

and

g(a) = a

g(A=B ) = g(B ) → g(A)

g(A\B ) = g(A) → g(B ):

Lemma 4.24 If A and B are unifiable, then the following hold:

1. g(A) and g(B ) are unifiable,

2. if A ′; B ′ is a disagreement pair of A and B , then g(A ′); g(B ′) is a dis-

agreement pair of g(A) and g(B ),

3. if � is a most general unifier of A and B , then

� ′ = {x 7→ g(C) | � (x) = C}

is a most general unifier of g(A) and g(B ).

Proof. 1. This statement is obvious, since g does not introduce new con-

nectives.

2. If the path from the root of A to the root of A ′ equals the path from
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the root of B to the root of B ′, then the path from the root of g(A) to

the root of g(A ′) equals the path from the root of g(B ) to the root of

g(B ′), by the definition of g. Since A and B are unifiable, A ′ and B ′ are

either distinct variables or one of A ′ and B ′ is a variable and the other is

a complex type. Thus, g(A ′) 6= g(B ′), and therefore, g(A ′) and g(B ′) is a

disagreement pair of g(A) and g(B ).

3. The first disagreement pair of A and B that is chosen by the unification

algorithm is a disagreement pair of g(A) and g(B ). Thus, if the first

substitution that is computed is

{x 7→ C}

then we can choose

{x 7→ g(C)}

as the substitution for g(A) and g(B ).

For any further iterations of the algorithm, we can first iterate the proof

of (2), since if A and B are unifiable, they are still unifiable after we apply

the substitution that is generated by the algorithm, and then go back

through the previous step.

Lemma 4.25 If M is a directed � -term, such that

x1 : A1; : : : ; xn : An ` M : A

is a principal deduction, then

x1 : g(A1); : : : ; xn : g(An) ` f (M ) : g(A)
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is a principal deduction in the undirected system.

Proof. By induction on the complexity of f (M ).

Case 1: f (M ) ≡ x. Then M ≡ x, and

x : a ` x : a

is the principal deduction of M for some a. Then g(a) = a, and clearly,

x : a ` x : a

is the principal deduction of f (M ).

Case 2: f (M ) = �x:P . Then, M ≡ � >x:Q or � <x:Q, for some Q, such that

f (Q) = P . We assume that M ≡ � <x:Q; the argument is completely symmetric

otherwise. Since the principal deduction of M has to be of the form

x1 : A1; : : : ; xn : An ` � <x:Q : B\A

by the subject construction theorem (theorem 4.7), the principal deduction of

Q has to be of the form

x : A; x1 : A1; : : : ; xn : An ` Q : B :

By the inductive hypothesis,

x : g(A); x1 : g(A1); : : : ; xn : g(An) ` P : g(B )

is principal, and therefore

x1 : g(A1); : : : ; xn : g(An) ` �x:P : g(A) → g(B )
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is principal, which is the image of the principal pair of M under g.

Case 3: f (M ) = PQ. Then M ≡ (P ′Q′)< or (Q′P ′)>, for some P; Q , such

that f (P ′) = P and f (Q′) = Q. Again, we assume that M ≡ (P ′Q′)>, since

the other case is parallel to this one. First, we consider the principal deductions

of P ′ and Q′:

x1 : A1; : : : ; xn : An ` Q′ : A;

y1 : B1; : : : ; yk : Bk ` P ′ : B :

By the inductive hypothesis

x1 : g(A1); : : : ; xn : g(An) ` Q : g(A);

y1 : g(B1); : : : ; yk : g(Bk) ` P : g(B )

are principal. Now we obtain the principal deduction for (P ′Q′)> depending

on B . Since (P ′Q′)> has a principal deduction, B is not of the form C\D . If

B = C=D, then we first compute a most-general unifier � for D and A, and

apply it to the types occurring in the deductions of P ′ and Q′:

x1 : � (A1); : : : ; xn : � (An) ` Q′ : � (A);

y1 : � (B1); : : : ; yk : � (Bk) ` P ′ : � (B );

to get the principal deduction for (P ′Q′)>:

y1 : � (B1); : : : ; yk : � (Bk); x1 : � (A1); : : : ; xn : � (An) ` (P ′Q′)> : � (C):

By lemma 4.24,

� ′ = {x 7→ g(C) | � (x) = C}
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is a most general unifier of g(D ) and g(A). And therefore,

y1 : � ′(B1); : : : ; yk : � ′(Bk); x1 : � ′(A1); : : : ; xn : � ′(An) ` PQ : � ′(C):

is the principal deduction of PQ. Since � ′ = g ◦ � , this completes the proof.

If B is atomic, the argument is almost identical, again using lemma 4.24.

Lemma 4.26 The principal types of BCI have the 2-property.

Proof. See Hindley and Meredith (1990).

Lemma 4.27 For all directed types A, A has the 2-property iff g(A) has the

2-property.

Proof. Immediate from the definition of g.

Theorem 4.28 The principal pairs of the Lambek calculus have the 2-property.

Proof. Let M be a directed term, such that

x1 : A1; : : : ; xn : An ` M : B

is principal. Suppose that

x1 : A1; : : : ; xn : An ` M : B

does not have the 2-property. Therefore,

x1 : g(A1); : : : ; xn : g(An) ` f (M ) : g(B )

does not have the 2-property, by lemma 4.27. But by lemma 4.25

x1 : g(A1); : : : ; xn : g(An) ` f (M ) : g(B )
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is principal, contradicting lemma 4.26.

4.3 Coun ting the number of pro ofs

One of the important questions that a semantic theory should be able to answer

is: how many different meanings can be assigned by the semantic theory to

a given string? In the approach to semantics advocated by the Curry-Howard

isomorphism, “different meanings” refers to � -terms that are not � -� -equivalent.

Thus, we are looking for the number of � -� -normal form proofs that can be

given to establish that a given string is a sentence. In the context of other logics

and their corresponding type theories this question has been investigated by

Hirokawa (1991, 1993) and Komori and Hirokawa (1993) (also see the exposition

in Hindley, 1997). To answer this question for the Lambek calculus, we will make

use of the relation between the 2-property of principal types and the coherence

theorem for residuated categories.

The first observation that we need to count the number of proofs is the

following proposition.

Proposition 4.29 There is a proof of Γ ` A in the Lambek calculus iff there is

a provable sequent ∆ ` B with the 2-property, such that for some substitution �

� (∆) = Γ

� (B ) = A:

Proof. The direction from right to left is obvious. For the other direction

suppose that there is a proof of

Γ ` A:
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Then there is a directed � -term M , such that

Γ ` M : A:

Thus there is a principal pair 〈∆; B 〉 of M which has the 2-property. By the

definition of principal pair, there is a substitution � , such that

� (∆) = Γ

� (B ) = A:

In order to count the number of proofs in � -� -normal form of a sequent we

give a necessary and sufficient condition for a pair to be the principal pair of a

term in � -� -normal form.

In addition to the coherence theorem for residuated categories, we will use

the subject reduction theorem for the characterization of the principal pairs of

terms in � -� -normal form.

Theorem 4.30 (Subject Reduction Theorem) If

Γ ` M : A

and M →βη N , then

Γ ` N : A:

Proof. The proof is very similar to that for the simply typed � -calculus (see

Hindley, 1997). The only observation that is needed in the case of � -reduction

is that if

Γ1; x : B ; Γ2 ` M : A
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and

∆ ` N : B ;

then

Γ1; ∆; Γ2 ` M [x 7→ N ] : A

assuming that Γ1; ∆; and Γ2 do not have any variables in common, which is a

routine induction on the complexity of M .

The case of � -reduction is even more straightforward, since if

Γ ` � <x:(xM )< : � \� ;

then

Γ; x : � ` (xM )< : � ;

and therefore,

Γ ` M : � \� :

Definition 4.31 If we denote that a type A is a substitution instance of another

type B by B < A, and extend this to pairs in the obvious way, i.e. 〈Γ; A〉 <

〈∆; B 〉, if Γ < ∆ and A < B using the same substitution. Minimal pairs are

defined as follows: a pair 〈Γ; A〉 is minimal if

Γ ` M : A

for some M , and if 〈∆; B 〉 < 〈Γ; A〉, for some ∆; B , then 〈Γ; A〉 < 〈∆; B 〉.

Example 4.32 The following are examples of minimal pairs:

a=b;b ` a (1)
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a ` a (2)

a=((b=c)\a) ` d=((b=c)\d) (3)

However, the following are not minimal pairs

b=a;b ` a (4)

a=a;a ` a (5)

They are not minimal as (4) is not provable and (5) is a substitution instance

of (1).

Now we can characterize the principal pairs of terms in � -� -normal form.

Theorem 4.33 A pair 〈Γ; A〉 is a principal pair of a term M in � -� -normal

form iff 〈Γ; A〉 is minimal. Furthermore, the correspondence between terms in

normal form and pairs is one-to-one.

Proof. (⇒) Suppose that 〈Γ; A〉 is a principal pair of term M in � -� -normal

form. Suppose that 〈Γ; A〉 is not minimal. Then there is a pair 〈∆; B 〉 such that

〈Γ; A〉 is a substitution instance of 〈∆; B 〉. Since 〈∆; B 〉 is a pair for some term

N , by the subject reduction theorem, we can assume that N is in � -� -normal

form. Since 〈Γ; A〉 is a substitution instance of 〈∆; B 〉,

Γ ` N : A

Since 〈Γ; A〉 is the principal pair of M , 〈Γ; A〉 has the 2-property. Since M and

N are in � -� -normal form, by theorem 4.17 M =α N . Therefore, 〈Γ; A〉 is a

principal pair of N , and therefore, 〈∆; B 〉 is a substitution instance of 〈Γ; A〉.

Thus, 〈Γ; A〉 and 〈∆; B 〉 are trivial variants, and therefore, 〈Γ; A〉 is minimal.
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(⇐) Suppose that 〈Γ; A〉 is minimal. Therefore,

Γ ` M : A

for some M . Suppose that M is not in � -� -normal form. By the subject

reduction theorem, if N is the � -� -normal form of M , then

Γ ` N : A

Thus, since some 〈∆; B 〉 is the principal pair of N , 〈Γ; A〉 is a substitution

instance of 〈∆; B 〉. But this contradicts the assumption that 〈Γ; A〉 is minimal.

The fact that the correspondence between terms and pairs is one-to-one is

immediate from the proof.

It should be noted that theorem 4.33 can also be obtained from Hirokawa’s

(1991) characterization of the principal pairs of linear � -� -normal terms as the

minimal pairs of BCI and the following two lemmata:

Lemma 4.34 Let M be a directed term. If M is typeable and in � -� -normal

form, then f (M ) is also in � -� -normal form, where f is the function defined in

definition 4.23.

Proof. By considering the possible shapes of a subterm N of M such that

f (N ) is either �x:P Q or �x:P x, for some P; Q, it is clear that M would not be

typeable or not in � -� -normal form.

Lemma 4.35 If 〈Γ; A〉 is not minimal, then neither is 〈g(Γ); g(A)〉.

Proof. Since 〈Γ; A〉 is not minimal, it is a substitution instance of some 〈∆; B 〉.

But then 〈g(Γ); g(A)〉 is a substitution instance of 〈g(∆); g(B )〉.
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In order to count the number of different normal form proofs of a given se-

quent, we can now employ the following algorithm. Given a derivable sequence

A1; : : : ; An ` B , we enumerate the principal pairs 〈Γ; A〉, such that for some

substitution � , � (Γ) = x1 : A1; : : : ; xn : An, and � (A) = B . Let us denote the

set of these principal pairs for A1; : : : ; An ` B by ΠA1,...,An`B . Given these,

we eliminate those principal pairs in ΠA1,...,An`B that are not minimal, i.e. we

eliminate each 〈Γ; A〉 ∈ ΠA1,...,An`B such that for some 〈∆; C〉 ∈ ΠA1,...,An`B

〈∆; C〉 < 〈Γ; A〉. This suffices as we do not consider alphabetic variants of

principal pairs. This gives us the set of principal pairs that are minimal, cor-

responding to the number of normal form terms, corresponding in turn to the

number of distinct normal form derivations.

Example 4.36 Consider the following sequent:

s=(n\s); (n\s)=n; (s=n)\s ` s

corresponding to the categories assigned to someone, likes, and everyone,

respectively. Note that, instead of assigning n to the noun phrases someone and

everyone, they have been assigned type raised categories as discussed in section

2.2.9 This sequent has two distinct normal form derivations in the Lambek

calculus. We use the counting algorithm to show this. First, we enumerate

every principal pair, of which the sequent is a substitution instance:

a=b;b=c;(a=c)\d ` d

a=(b\c); (b\d)=e;(d=e)\c ` a

a=(e\f ); (e\f )=c;(a=c)\d ` d

However, the third pair is a substitution instance of the first, and therefore not

9This example is taken from Hendriks, (1993).
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minimal. Therefore, after eliminating the third sequent, the two sequents

a=b;b=c;(a=c)\d ` d

a=(b\c); (b\d)=e;(d=e)\c ` a

are the only minimal pairs (up to renaming of variables) of which

s=(n\s); (n\s)=n; (s=n)\s ` s

is a substitution instance, which shows that there are exactly two different normal

form proofs of this sequent.

Example 4.37 As another example, consider the two normal form proofs of

(A=(A\A))\A ` (A=(A\A))\A

given in theorem 3.27. To show that this sequent has two different proofs, we

consider the provable formulas with the 2-property of which it is a substitution

instance:

a ` a

a=((b=c)\a) ` d=((b=c)\d)

As both are minimal, we do not need to eliminate any pairs, which completes

the example.

As the previous examples indicate, using minimal pairs allows us to count

the number of proofs of a sequent in the Lambek calculus. However, it seems

quite likely that minimal pairs have additional applications for proof theoretic

grammars. It does not appear, however, as if minimal pairs would give us a
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faster decision procedure for the Lambek calculus than trying to find a proof by

“backwards reasoning” in the sequent calculus, since the same procedure should

be applicable in the case of BCI, which has been shown to be NP-complete by

Kanovich (1994).



5 Conclusions and Further Research

What I see as the main contribution of this thesis is a justification of proof the-

oretic approaches to formal grammars. Although Pentus’ theorem tells us that

Lambek grammars can only generate context-free languages, using proof trees

as the structural descriptions makes it possible to extend the strong generative

capacity of context-free grammars with both associative and non-associative

Lambek grammars. Furthermore, using normal form proof trees avoids trivial-

izing the notion of strong generative capacity as structural completeness does

for Buszkowski’s p-structures and f -structures. One of the most important

properties of normal form proof trees of Lambek grammars is that they are

composed of finitely many tracks. There are a number of areas for which this

property would be of use. For example, the study of learnability of categorial

grammars (Kanazawa, 1998) has, so far, not been extended to Lambek gram-

mars; studying Lambek grammars whose normal proof trees are composed of

at most n tracks may have similar properties (in particular “finite elasticity,”

see Kanazawa, 1998) as some of the classes of categorial grammars studied by

Kanazawa. Another example would be using tracks for parsing with proof theo-

retic grammars. If the tracks of the proof trees of a grammar could be computed

from the assignment of categories, they could be used to decide whether a given

string was generated by a grammar.

One of the topics for further research on strong generative capacity is con-

sider proof theoretic grammars based on extensions of the Lambek calculus, in-

cluding those with additional additive or multiplicative connectives and modal-

ized versions of the Lambek calculus. Some results in the case of modalized

Lambek grammars with one residuation modality have been obtained by Jaeger

(1998). In the case of modalized Lambek grammars with a variety of modali-

ties and interaction postulates between them, there is one obstacle: Carpenter

114
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(1995) has shown that modal Lambek grammars can generate any recursively

enumerable language. Thus, their normal form proof trees extend the context-

free tree languages, as the yield of any context-free tree language is an indexed

language. Thus, it would be necessary to restrict modal Lambek grammars in

such a way that they can only generate (at most) indexed languages or sub-

classes of the indexed languages. However, it appears to be an open problem

how to restrict modal Lambek grammars in such a way.

Another question to that would naturally fall into the study of the strong

generative capacity of proof theoretic grammars is: given that Lambek gram-

mars extend the strong generative capacity of context-free languages but gener-

ate only context-free string languages, what decidable properties of the strong

generative capacity of context-free grammars are also decidable for Lambek

grammars? For example the following properties of context-free grammars are

decidable:

• strong equivalence of two context-free grammars: do two context-free

grammars assign the same structures to the strings they generate?

• ambiguity: does a context-free grammar assign different structures to some

string it generates?

Other questions that relate to this area are what kind of logic would be needed

for a descriptive approach to proof trees of Lambek grammars, following Rogers

(1998) work, and the relationship of proof trees to those of tree adjoining gram-

mars, which is related to work by Joshi and associates (cf. Joshi and Kulick,

1997).

From the point of view of logic and type theory, the investigation of principal

types of the Lambek calculus has led to a characterization of the principal types

of terms in � -� -normal form and to an algorithm counting the number of proofs

of sequents in the Lambek calculus. Thus, using the Curry-Howard isomorphism
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as a basis for the semantics of natural languages makes it possible to decide the

degree of ambiguity of an expression derived by a Lambek grammar.

The 2-property and its relation to provability in the Lambek calculus is most

likely to be useful in other areas, again including parsing with Lambek gram-

mars, since derivability of a string coincides with provability of the distinguished

category from the assigned categories.

Another extension of results in this thesis to modalized Lambek grammars

would be the counting of proofs. Although there exist type theories that exhibit

a Curry-Howard correspondence to modal Lambek calculi, whether the same

analysis as the one used for the associative Lambek calculus is possible is an

open question. In particular, whether modalized type theories have principal

types and how they could be characterized has not been investigated.

In closing, I think what has been shown is that in the case of the Lambek

calculus the tree-like notation for proofs is not an illusion (cf. Girard [et al.],

1989, page 9).
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